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ABSTRACT. A Brownian motion whose infinitesimal variance alternates according to a telegraph process is
considered. This stochastic process can be employed to model a variety of real-word situations, such as
animal movement in ecology and stochastic volatility in mathematical finance. The main goal is to develop
an estimation procedure for the underlying model parameters when the process is observed at discrete,
possibly irregularly spaced time points. The sequence of observations is not Markov, but the sequence of
the state of the telegraph process, if observed, is Markov. The observed sequence is therefore from a hidden
Markov model. Likelihood inference is developed via dynamic programming, and is demonstrated to have
much higher efficiency than the composite likelihood approach that was applied in an earlier work. The

model is applied to model the movement of a mountain lion.
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INTRODUCTION

Brownian motion (BM) and random walks are often employed by ecologists to model animal movement

(Preisler et al.2004). Horne et al|(2007) introduced the Brownian bridge movement model (BBMM) which

characterizes the missing movement path between two sequential positions by a Brownian bridge. The

BBMM quickly gained popularity in the ecological community (e.g., [Lonergan et al.| [2009; [Willems and|
12009; [Farmer et al. |2010; Takekawa et al., 2010). The standard statistical estimation approach for the

BBMM, which is different from the original procedure in [Horne et al| (2007) procedure, can be found in
[Pozdnyakov et al|(2014). The BBMM has been implemented in R packages such as BBMM
and adehabitat . Recently, a dynamic version of the BBMM has been proposed to
allow the BM variance to be time-dependent (Kranstauber et al., [2012). An implementation of the dynamic

BBMM is available in R package move (Kranstauber and Smolla, 2013).

The Brownian Motion governed by telegraph process (BMT process) is a natural generalization of the

BBMM that allows two modes of movements (e.g., moving and resting, low speed and high speed). The

moving-resting process (Yan et al) 2014)) allows an animal to have two states, moving and resting; if in

the moving stage, the motion is characterized by a BM; and the duration times in either moving or resting
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states are exponentially distributed. Another important application is mathematical finance. The BM with

alternated trends is used in continuous-time option pricing theory (e.g., Di Crescenzo and Pellerey, 2002;

[Kolesnik and Ratanov} 2013; |Di Crescenzo et al., [2014; Di Crescenzo and Zacks| 2015). The BMT process

can be employed to model stock price trajectories with stochastic volatility (e.g., Fouque et al., 2011).

The telegraph process, also known as the alternating renewal process or the on-off process, was first

studied by [Cane| (1959) and [Page (1960) in the context of animal ethology and maintenance of electronic

equipment, respectively. The telegraph process is a non-trivial probabilistic object, and as a result, this area

of research is still quite active. In particular, in our analysis we used results from [Perry et al.| (1999)), |Stadje|

land Zacks| (2004), |Zacks| (2004), and Di Crescenzo et al.| (2005)). For tractability and efficient computation,

the time periods of the telegraph process are assumed to be exponentially distributed. What can be done in
a more general situation is an open question.

Observations of a continuous-time BMT process are usually only available in discrete, possibly irregularly

spaced time points, which make it unnatural to apply the state space model (SSM) (e.g., [Jonsen et all, 2005}

[Patterson et al., |2008). Estimation of BMT parameters is a challenging problem because the on-off states

are unobserved, and the observed sequence is not Markov. [Yan et al.| (2014) estimated the parameters by

maximizing a composite likelihood constructed from the marginal distribution of each increment. Here we
develop inferences based on the true likelihood after establishing that the BMT process is a hidden Markov
model (HMM). Then dynamic programming or the forward algorithm for HMM is used to construct the true

likelihood (e.g., [Cappé et all 2005). In our simulation studies, the true likelihood inference is much more

efficient than the composite likelihood approach. The model is then applied to model the movement of a

mountain lion (Felis concolor).

STATE AND BMT PROCESSES

The different phases of BM are modeled by an telegraph process with exponentially distributed holding
times. More specifically, let {M,;};>1 be independent and identically distributed (i.i.d.) random variables
with exponential distribution with mean 1/X\;, and {R;};>1 be i.i.d. random variables with exponential
distribution with mean 1/A\g. Assume that {M;};>1 and {R;};>1 are independent.

Consider a telegraph process that, with probability p;, 0 < p; < 1, starts with a I-cycle (i.e., we have
My, Ry, Ms, Rs,...) and with probability pg = 1 — p; starts with 0-cycle (i.e., we have Ry, My, Ry, Mo, .. .).

Here we assume that starting probabilities are equal to stationary ones, i.e.,

= Ao and = M
T+ o o= N

P1

Let S(t), t > 0, be the state process; that is, S(¢) = 1 if the telegraph process is in a 1-cycle and S(t) =0
if the process is in a 0-cycle at time ¢. Let X (¢) be BMT process indexed by time ¢ > 0. Conditioning on

the state of the underlying renewal process, S(t), the process X (¢) is defined by the stochastic differential
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equation

o1dB(t), if S(t) =1,
(1) dX (1) = [(01 — 50)S(t) + o0ldB(t) = 7

oodB(t), if S(t) =0,

where o1 and o are volatility parameters, and B(t) is the standard Brownian motion.

Here we consider two cases.

Case 1: both o1 > 0 and o > 0.

Case 2: 01 =0 >0 and og = 0.

One significant mathematical difference between the two cases is that the distribution of the increments of
the BMT process in the second case is a mixture of absolutely continuous and discrete distributions. Still the
second case can be viewed as a limiting case of the first one. But case 2 plays an important role in analyzing
animal movement, so we will provide a separate set of formulas for this situation. A typical realization of

BMT process (case 2) is shown in Figure

X(t)

M, M;+R; M;+R;+M; t

FIGURE 1. BMT Process (Case 2)

Let us note here that X (¢) is not Markov even though both S(¢) and B(t) are Markov. Indeed, let us
consider case 2. If right before ¢ we observe a flat trajectory of X (¢) then S(t) = 0 and the distribution of

the increment X (¢ +u) — X (t), u > 0 will have an atom at 0. If it is not the case, then X (¢ 4+ u) — X (t) has
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an absolutely continuous distribution. The bottom line is that
Pr(X(t) € T|F,) # Pr (X (¢) € T|X(s)), 0<s<t,

where F; is, as usually, a o-field generated by (S(u), B(u))0<u<s’ and I is a Borel set.

Nonetheless, because of the memoryless property of the exgo;lential distribution and the Markov property
of the Brownian motion, the joint process {X (¢), S(¢) : t > 0} is a Markov process with stationary increments
in X (¢). Moreover, we will see that the distribution of the increment X (¢ +u) — X (¢) depends only on S(¢).

To derive distribution of increments of the BMT process X (t) we need the joint distributions of the two
pairs (M(t),S(t)) and (R(t), S(t)) for a given initial state S(0), where M(t) and R(t), t > 0, are the total
time in interval (0,¢] spent in the 1-cycles and in the O-cycles, respectively; consequently, R(t) =t — M (t).
It is known that in the case when durations of alternating phases are described by exponential distributions,
closed-form expressions for their densities are available (e.g.,|Zacks, 2004, p. 500). Recent theoretical findings
on telegraph processes (Perry et al [1999: [Stadje and Zacks| [2004} [Zacks, |2004; |Di Crescenzo et al., [2005)

make possible finding closed-form formulas for the BMT process.

Following the notations in [Yan et al.| (2014), define

According to |Zacks (2004, p.500), we have that

oo

ATAS _
i) = SRl

pro(w, t) = e v Roltmw) Ly Zp(n, Arw)p(n, Ao(t —w)),

n=1
where p(n, u) = e #u™/n! is the Poisson distribution probability mass with mean u evaluated at n. Respec-
tively, we have that
)

poo(w, t) Aow =) Z nl(n —11 w"(t —w) 17

por(w, ) = Age MW AlE=w) L\, Zp(n, Xow)p(n, A1 (t — w)).
n=1
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Both M (t) and R(t) have atoms or point masses at w = t. Specifically,
P[Mt)=t]=e ™" and PBy[R(t) =t] =e "

The series in the formulas can be evaluated efficiently using the modified Bessel function of the first kind

%) 2\ 2m+a
I(z'a) — Z L
’ L= mll(m + o+ 1)

For example, we have
pi1(w, t) = e MW= N Xow/(t — w)I(z;1)
and

pro(w,t) = Ale*’\lw*)‘(’(t*w)I(z; 0),

where z = 24/A1 Aow(t — w). Similar expressions can be found for poo and po;.

JOINT DISTRIBUTION OF THE INCREMENT OF X (t) AND S(%)

Case 1. Without loss of generality, we assume X (0) = 0. Given a value of M(t) = w, the BMT process X(t)
has the normal distribution with mean 0 and variance ofw + 02(t — w). Combining this observation with

formulas from previous section one can get the joint distribution of (X (t), S(t)). For example, for 0 < w < ¢,

PX(t) €dx,S(t) =1, M(t) € dw] = ¢(z; 05w + o2 (t — w))p11 (w, t)dzdw,

where ¢(+;02) is the density function of a normal variable with mean zero and variance o2

One can get the joint distribution of (X (t),S(t)) starting from S(0) = 1 by integrating w out. Other

scenarios can be handled in a similar fashion. For ease of notation in the estimation in the next section, let
hii(x,t) = P [X(t) € dz, S(t) = 1]
= e Mp(z;00t) + /Ot o(z; 02w + o (t — w))p11(w, t)dw,
hio(x,t) = P [X(t) € dz, S(t) = 0]
= /Ot o(x; wa + Ug(t —w))p1o(w, t)dw,
ho(x,t) = Po[X (t) € dz, S(t) = 0]
= et (a; odt) + /Ot o (x; odw + of(t — w)) poo(w, t)dw,
hy(z,t) = Py[X(t) € dz, S(t) = 1]

t
= / o(x; agw + O’%(t — w))po1 (w, t)dw.
0
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Case 2. The difference here is that in this case X (¢) has a singularity at 0. However, the rest of the argument

is exactly the same. More specifically, if we introduce the following functions:
t
(e, 0) = 0w ?t) + [ olasoPwlpn(w, v,
0
t
hio(z,t) = / é(z; 0% w)pro(w, t)dw,
0
t
h()o(x, t) = / ¢ (:E7 0'2(t — U))) p()(](w, t)dw,
0

ho1(z,t) = /0/ ¢ (z;0°%(t — w)) por (w, t)dw,

then we have

where Jo(z) is the delta function with an atom at 0. The extra part in Py[X (t) € d=z, S(t) = 0], e~ **§(z),
is the probability that the entire time period (0,¢] is in a O-phase. The additional term in hqq(z,t),

e~ Mip(x; 0%t), comes from the possibility that the whole (0,t] interval is 1-cycle.

PARAMETER ESTIMATION: CASE 1

Assume that a BMT process X (t) with parameters 8 = (A, A1, 09, 01) is observed at times 0 = #g, t1,. .., tn.
Let X = (X(0), X(t1),...,X(tn)) be the observed locations. Let S = (S(0),5(t1),...,S(tn)) be the states
of the underlying telegraph process (that are not observable).

Now, if the state process S is observed, then the full likelihood is available in closed-form because the

joint process (X (t),S(t)) is Markovian. With X (0) = 0, the transition density of (X (t),S(t)) is

Ry (z(t),t) s(0) =1, s(t) =1,

hi‘ x(t),1 s(0) =1, s(t) =0,
£ (2(t), s(t)]5(0),0) = o(x(8):1)  s(0) (t)

hyi (z(t),t)  s(0) =0, s(t) =1,

hio(z(t),t)  s(0) =0, s(t) =0,

where the h*’s are defined in the previous section. The likelihood function of the observed data is then

n

(2) L(X,8,60) = v(S(0)) [ [ £+ (X (t:) = X(ti-1), S(t:)[S(ti-1),6),

i=1

where v(+) is initial distribution (that is, ©(0) = pp, and v(1) = p1).
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Maximizing with respect to 6 gives us the maximum likelihood estimator (MLE) 0,,. The usual
properties of 0, (consistency, asymptotic normality, and asymptotic efficiency) hold for the estimator. The
variance of én can be estimated from the inverse of the Fisher information matrix.

In practice, it is more likely that S is not observed. In this case, we need to work with an X likelihood

function that is given by
(3) L(X,0) =Pr (X(tl) — X(to) €day,..., X(tn) — X(tn-1) € dxn).

Because the observed process X (¢) itself is not Markovian, formulas similar to are not available. A naive

approach would be to use
Z L(X, (505 5n),0).

Here the summation is taken over all p0851ble trajectorles of S. The total number of such trajectories is 2"+!
so this approach will not work for any real-world data set.

To address this issue, we notice that X can be viewed as observations from a hidden Markov model
(HMM), and use the dynamic programming method developed in the HMM literature. First, we introduce

so-called forward variables:
k

(4) Xy, sk,0) = > wiso) [[£7(X () = X(tio1), silsi—1,0),

805 rSk_1 i=1
where X = (X(O),X(tl)7 .. ,X(tk)), and 1 < k < n. It is easy to see that the forward variable is the
likelihood of observing X and sg.

To simplify the notation let us denote the increments of X, X (tx+1) — X (tx), by Y (tx+1). Then, using,
in essence, the Markov property of (X(t), S(t)), we get

k1
a(Xpy1, Sp41,0) = Z v(so Hf i) 8ilsi—1,0)
S0y-++3Sk
k1
= Z Z v(so Hf Sz|sz 1,9)
©Sk—1 Sk
k
= Z S (Y (trg), siralses 0)v(so) [ £7 (Y (ta), silsi-1,6)
..... Sk—1 Sk =1
k
:Zf (trr1)s seralse, 0) x> wiso) [] £ (Y (1), silsi-1,0)
S04+ 9Sk—1 =1

—Zf (trt1)s Skt |8k, 0) (X, 51, 0).

Finally, we obviously have

L(X,@) = Za(Xn» Sny 0)7

Sn
and

a(Xo, s0,0) = v(s0).
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The transition from a(Xy, sk, 8) to a(Xg11, Sk+1,0) can be performed in O(1) time so we get an algorithm
that finds L(X,6) with computational complexity of O(n).

Here is the forward algorithm.

1) For observed X and given parameter vector 8, compute f*(Y (txi1), Sgr1|Sk,60) for all possible pairs
+ +
Sk, Ska1), K =0,...,n—1. Note that computation for each pair can be done independently, therefore,
+
one can employ here parallel computing.
(2) Base case: a(Xy, sg,0) = v(sg), where sp =0, 1.

(3) Induction: for si41 = 0,1 compute a(Xgy1,Sgt1,60) using
(X1, Sk+1,0) Zf (tet1)s k4158, ) (X, 55, ).

(4) Termination: L(X,0) =3, a(X,,s,,0).

NORMALIZED FORWARD ALGORITHM

One typical computational difficulty with the forward algorithm is the underflow problem. For large k
forward variables (X, sg, 6) might be too small and numerically indistinguishable from zero. This issue of
underflow is addressed via an appropriate normalization.

Specifically, let us first introduce normalized forward variables by

Ot()(k7 Sk, 9)

a(Xg, sg,0) = TL(Xp,0)

where L(Xy,0) = >, a(Xk, Sk, 0). The normalized forward variables are the conditional probabilities of

Sk

observing s given observed vector Xj. Then the normalized forward variables satisfy the following equation:

Xk, . _
a(Xpy1,8k41,0) = ka1 E Y (trg1), S5k, 0)a(Xe, sk, 0).
+ a

Next, if for 0 < k < n — 1 we define
L(Xk-i-lv 9)

d(Xpy1,0) = L(X0.0)

then one can show that

d(Xp11,0) = Y > (Y (thg), sk lsw, 0)a(Xi, 55, 0).

Sk4+1 Sk
Again, note that d(Xy41,6) has a very simple interpretation. It is the conditional density of Y (tx41) given
X.

This leads us to the normalized version of the forward algorithm.

(1) For observed X and given parameter vector 6, compute f* (Y(tk+1), Sk+1|Sk, 9) for all possible pairs
(SkySk+1), k=0,...,n— 1.

(2) Base case: @(Xy, so,0) = v(sp), where sg =0, 1.
8



(3) Induction: for sg41 = 0,1 compute o’z(X;Hh Sk+1,0) using

(X1, 8841, 0) = Zmr——p Zf (ths1)s Skralsk, 0) (X, 51, 6),

Xk+17

and

d(Xg41,0) ZZf (tht1)s Skt |8k, 0) (X, sk, 0).

Sk+1 Sk

(4) Termination: log L(X,0) = Y, _, log d(Xy, 0).

PARAMETER ESTIMATION: CASE 2

The only difference is that the transitional probability has a discrete probability component in this case.
Therefore, one must use the Radon-Nikodym derivative of the probability distribution relative to a dominat-
ing measure that includes an atom at x = 0. As a result, one should use the following function for computing

the likelihood:

0 s(0)=1, s(t) =1, z(t) =0,
hii(z(t),t) s(0) =1, s(t) =1, z(t) #0,
0 s(0) =1, s(t) =0, z(t) =0,
Fa(t), 56)15(0),6) = hio(z(t), 1) s(0) =1, s(t) =0, x(t) #0,
e~ ot s(0) =0, s(t) =0, z(t) =0,
hoo(x(1),1)  5(0) =0, s(t) =0, x(t) #0,
0 s(0) =0, s(t) =1, z(t) =0,
hoi(z(t),t)  (0) =0, s(t) =1, 2(t) #0,

The rest of derivation is exactly the same.

SIMULATION

The full likelihood inference made possible by the forward algorithm is expected to be more efficient than
the composite likelihood approach suggested by [Yan et al.| (2014). To assess the efficiency gain in practice,
we used the same simulation setting as theirs, and compare the estimators from the two methods. The
simulation mimics an animal movement setting with a BMT process. With the time unit in minutes, the
parameters were set to be A\g = 1/(4 - 60) = 0.004167, A; = 1/(8 - 60) = 0.002083, and ¢ = 25. The
exponential duration parameters mean that the animal on average spends 8 hours in the moving stage and
4 hours in the resting stage. To study the effect of sampling frequency, we generate data on an time interval
from zero to 1000 x 20 minutes, and sample at three frequencies: 250, 500, and 1000. Note that this is
different from varying sample size at a fixed sampling frequency.

Two additional scenarios were considered by changing the duration parameters: 1) the average time spent

in moving and resting are 4 and 8 hours, respectively (i.e., A\g = 0.002083, A; = 0.004167); and 2) the average
9



time spent in moving and resting are both 6 hours (i.e., Ag = A; = 0.002778). For each dataset, both the
composite likelihood estimates and the full likelihood estimates were obtained from R package smam (Yan
and Pozdnyakov| |2016]). For the full likelihood estimator, their standard errors were obtained by inverting
the Fisher information matrix. For each configuration, 500 datasets were generated.

Table[T]summarizes the results of the simulation study. For each method, the empirical mean and standard
error from the 500 replicates were reported; for the full likelihood method, the average of the standard errors
was also reported for each parameter estimate. Both estimators appear unbiased in recovering all three
parameters. The full likelihood estimator has much higher efficiency than the composite likelihood estimator
in terms of the mean squared error. The relative efficiency of the full likelihood estimator is 1.7 or larger
for the volatility parameter o, and 5.2 or larger for the rate parameters of the exponentially distributed
durations in moving or resting states. In scenario 2, where the resting period is twice as long as the moving
period on average, the relative efficiency of the estimator of A; is 20.1 for sampling frequency 250. The
average of standard errors based on the Fisher information agree well with the empirical ones in most of the
configurations, suggesting that the likelihood inferences are valid for inferences.

Increasing the sampling frequency reduces the uncertainty in the parameter estimation, but to quite
different degrees on different parameters. From sampling frequency 250 to 1000, the standard errors of the
full likelihood estimator of ¢ almost halved, which is similar to what one would expect when sample size is
quadrupled. The standard errors of the estimator of A\; and \g, however, reduced at a much slower rate.
For example, in scenario 3, the empirical standard error of the estimates of A\; only decreases from 0.748 to
0.560, only a reduction of 25%. This is expected. Even if we observe the entire trajectory, in contrast to
estimation of o, we cannot estimate As with certainty. To improve the estimation of As we need to increase

the time horizon, not just the sampling frequency.

MOVEMENT OF A MOUNTAIN LION

We fit the BMT process to the tracking data on a mountain lion that was analyzed by [Yan et al.| (2014])
with composite likelihood. The data came from a code-only GPS wildlife tracking collar placed on a mature
female mountain lion in the Gros Ventre Mountain Range near Jackson Wyoming from 2009 to 2012. The
collar was programmed to collect a fix every 8 hours but the sampling times were irregular: the sampling
intervals had a standard deviation of 6.45 hours, ranging from 0.5 hours to 120 hours. There were a total
of 3917 observations. Temporally, this is a very high-resolution and long-term data set compared to other
studies (Schaller and Crawshawl, [1980; Beier et al., [1995). Figure [2| shows the easting and northing offsets
(meters, UTM), as well as the increment in distance between successive time intervals, of the lioness’s track
from her starting position during the first half of 2011 with the location data rounded to the nearest 20m. The
figure reveals numerous instances in which the lioness moved very little. This is consistent with previously

documented behavior for pumas in which, while consuming a kill or during denning, they move in infrequent
10



TABLE 1. Summaries of bias, square root of mean squared error (rMSE), empirical standard

error (ESE), and average of standard error (ASE), and relative efficiency in mean squared

error for the composite likelihood estimate and the full likelihood estimate. Parameters g

and \; are on the scale of 1073.

Scenario Sampling Parameter  True Composite Likelihood Full Likelihood Relative
frequency value EST ESE EST ESE ASE Efficiency

1 250 A1 2.083 2.628 2.348  2.242 0.670 0.642 12.2
Ao 4.167  4.278 2.695 4.460 1.144 1.082 5.2

o 25.000 25.164 1.686 25.037 1.048 1.004 2.6

500 A1 2.083 2.267 1.864 2.094 0.456 0.471 16.8

Ao 4.167  4.151 2.878 4.283 0.923 0.918 9.6

o 25.000 25.005 1.019 24.977 0.664 0.686 24

1000 A1 2.083 2.441 1.985 2112 0.426 0.430 22.3

Ao 4.167  4.604 3.545 4.303 0.929 0.862 14.5

o 25.000 25.087 0.642 25.033 0.490 0.485 1.7

2 250 A1 4.167  4.660 4.249  4.213 0.953 0.992 20.1
Ao 2.083  2.062 1.067  2.155 0.455 0.453 5.4

o 25.000 25.068 2.662 24.966 1.405 1.370 3.6

500 A 4.167  4.620 3.013 4.212 0.857 0.877 12.6

Ao 2.083 2.151 1.227  2.145 0.457 0.427 7.1

o 25.000 25.113 1.524 25.013 0.971 0.968 2.5

1000 A1 4.167  4.371 3.189 4.161 0.849 0.828 14.2

Ao 2.083  2.077 1.362 2.136 0.406 0.415 11.0

o 25.000 25.004 0.959 24.984 0.679 0.682 2.0

3 250 A 2.778  3.091 2.392 2.841 0.748 0.704 10.3
Ao 2.778  2.804 1.582 2909 0.664 0.638 5.5

o 25.000 25.048 1.828 25.000 1.125 1.130 2.6

500 A1 2.778  2.882 2.215  2.829 0.587 0.600 14.1

Ao 2.778  2.755 1.797 2,937 0.582 0.601 8.9

o 25.000 24.983 1.137 25.013 0.765 0.787 2.2

1000 A1 2.778  2.982 2281  2.789 0.560 0.554 16.7

Ao 2.778  2.896 2.059 2.896 0.562 0.567 12.9

o 25.000 25.019 0.803 24.993 0.564 0.556 2.0
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FIGURE 2. Locations (top and middle) of a mature female mountain lion in the Gros Ventre
Mountain Range near Jackson Wyoming tracked with a GPS collar in the first half of 2011
based on locations rounded to the nearest 20m. The bottom plot shows the distance moved

since the last sampling time.

short (hundreds of meters) sallies (Hornocker} [1970; [Pierce et al.[1998; Pierce and Bleich, [2003]). We consider

this resting even though the lioness was not always actually stationary.

Table 2| summarizes the fitted parameter values from both the composite likelihood method and the full

likelihood method. For the full likelihood method, standard errors are also reported. Since code-only GPS

12



TABLE 2. Fitted parameters of the BMT process to the mountain lion data with the com-
posite likelihood (CL) and full likelihood (FL). Parameter estimates (EST) are reported for
both the CL and FL methods, while the standard error (SE) is only reported for the FL
method.

Parameters Rounding to nearest Im  Rounding to nearest 10m  Rounding to nearest 20m

CL FL CL FL CL FL

EST EST SE EST EST SE EST EST SE

A1 3.904 3.681  0.198 3.415 3.263  0.156 3.043 2.605 0.140
Ao 0.358 0.336  0.008 0.313 0.296  0.007 0.260 0.245 0.006
o 979.645 973.195 23.076 989.629 984.545 17.153 1044.946 985.450 16.959

devices are known to have measurement errors of 10m—-20m, we also fitted the data with locations rounded
to the nearest 10m or 20m. Under all rounding schemes, the fitted BMT process suggests that this lion spent
about 10 times as long in resting as in moving. The mean time spent in resting and moving increases when
the rounding increases, even though their ratio were relatively stable. The volatility parameter remained
quite stable across different rounding precisions.

There is little literature with which to directly compare our biological results. [Schaller and Crawshaw
(1980) reported activity patterns of a female jaguar (Panthera onca) in the Pantanal region of Mato Grosso,
Brazil that were based on 97 hours of radiotracking and observations, but excluded time at known kills. Time
was portioned into percent spent resting (37%), locally active (22%), and traveling (41%). They defined
‘locally active’ to mean when an animal was eating or grooming or otherwise making small motions detectable
by small variations radio-telemetry signal strength but not so constant to infer resting nor determined travel.
We would consider local activity to be captured in our resting periods, which would make the time allocations
59% and 41% for resting and moving, respectively. Beier et al.| (1995)) studied mountain lions in the Santa
Ana Mountains of southern California using radiotracking and in situ tracking. They reported that the
percentage of time traveling was 9+ 11 during diurnal periods, 36 =21 during nocturnal periods, and 25+ 13
during diel periods. These values are similar but somewhat higher than ours, but our analysis includes
periods of prolonged inactivity, which their analysis did not. Our biological results, which are from a single
lioness, are limited; nonetheless they support the findings of other researchers that carnivores tend to spend
very little of their time in active behaviors. [Jeschke| (2007)) characterized carnivores as ‘lazy’ because they
are often sufficiently successful in hunting that they have much free time in which they are not engaged in
seeking food. We quantify this notion noted that our analysis suggests this lioness spent roughly ten times

longer resting than moving over a period of around six months.
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