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4. Probability

Random Experiment

Random experiment
· a random experiment is a process or course of action, whose outcome is uncertain

· performing the same random experiment repeatedly, may result in different outcomes, therefore, the best we can do is talk about the probability of occurrence of a certain outcome 

· to determine the probabilities we need to define the possible outcomes first

· determining the outcomes
-- build an exhaustive list of all possible outcomes
      -- make sure the listed outcomes are mutually exclusive
· a list of outcomes that meet the two conditions above is called a sample space
Sample Space 

A sample space of a random experiment is a list of all possible outcomes of the experiment.  The outcomes must be mutually exclusive and exhaustive.

Simple events 

The individual outcomes are called simple events.   Simple events cannot be further decomposed into constituent outcomes. 

Event

An event is any collection of one or more simple events
Our objective is to determine
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, the probability that event 
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 will occur. 

Probability Space
Probability Space = Sample Space + Probability

Assigning probabilities

Given a sample space
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, the following properties for the probability 
[image: image4.wmf])

(

i

E

P

 of the simple events
[image: image5.wmf]i

E

 must hold:

[image: image1.wmf])

(

A

P


Example 1

Two coins are tossed, and their up faces are recorded. List all the simple events (all the outcomes) for this random experiment. 

Solution

Since physically there are two distinct coins, we have the following list of all the outcomes:

HH, HT, TH, TT

For instance, “HH” means that we observe H on coin 1 and H on coin 2.

Probability of an event 

The probability 
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 is the sum of the probabilities assigned to the simple events contained in
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Classic Probability 

Suppose that 
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 is an event in a finite sample space 
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 and each outcome (simple event) is equally likely. Then
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Example 1 – cont’d

What is the probability of each outcome? What is the probability of the following event: Observe one head and one tail?

Solution
Because of symmetry all the outcome are equally likely, and in total there are 4 outcomes. Therefore, 
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Next, since 
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Probability of Combinations of Events

If 
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 and 
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 are two events, then

· The union of 
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and 
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 is an event when A or B or both occur; notation: 
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· The intersection of 
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 and 
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is an event when both A and B occur; notation: 
[image: image22.wmf]B

A

Ç


· The complement of 
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 is an event when A does not occur; notation: 
[image: image24.wmf]c

A

 or 
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Venn diagram
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Probability Rules

Complement rule

Each simple event must belong to either 
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 or
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. Since the sum of the probabilities assigned to simple events is one, we have for any event 
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Addition rule

For any two events 
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 and 
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Example 2

Three coins are tossed. What is the probability of observing at least one tail?

Solution

Sample space:

HHH, HHT, HTH, THH, TTH, THT, HTT, TTT

Probability:
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The event of observing at least one tail is the complement of the event of observing three heads. Hence,
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Exercises:
1. People's blood types are classified as 0, A, B, and AB. 

(a) Suppose that one person is to be selected and the blood type observed. List the elements of the sample space 

(b) Suppose that a husband and wife are selected and both of their blood types are observed. List the elements of the sample space

2. A coin is tossed three times, and H or T (H = head, T = tail) is recorded each time. List the elements of the sample space S, and list the elements of the event consisting of 

(a) All heads 

(b) A head on the second toss 

(c) Exactly two tails

3. Suppose that a lottery number is determined by selecting four digits in succession and recording each digit when selected. Repeated digits are allowed. List the elements of the event where 

(a) The digits 426 are the first three digits, in that order 

(b) The four digits consist of 4,2, and 6 in the first three positions (not necessarily in that order) and 8 in the fourth position

4. A randomly selected citizen is interviewed and the following information is recorded: employment status and level of education. The symbols for employment status are Y = employed and N = unemployed, and the symbols for level of education are 1 = did not complete high school, 2 = completed high school but did not complete college, and 3 = completed college. List the elements of the sample space, and list the elements of the following events: 

(a) Did not complete high school 

(b) Is unemployed

5. In genetics, there are two genes that determine gender: X and Y. Each individual has a pair of these (a sex genotype). A female has the pair XX, a male the pair XY. In producing an offspring, each parent contributes one gene. Some inherited characteristics are carried by, or linked to, the X gene. They are called "sex-linked inherited characteristics." For example, colorblindness is one such characteristic. When this gene carries the colorblind trait, we use the lowercase x. A female with the pair xx will be colorblind. A female with sex genotype xX will not be colorblind but will be a carrier of the colorblindness gene. A male with sex genotype xY will be colorblind. For a carrier mother and a normal father, find the sample space of sex genotypes for the experiment of observing the sex genotype of an offspring.

6. Repeat previous exercise with a normal mother and a colorblind father. Use the sample space to show  that a child of this couple cannot inherit colorblindness.

7. A hospital administrator records a 0 if a patient has no medical insurance and a 1 if the patient does have medical insurance. The administrator also records an A, B, C, D, or E, representing good, fair, poor, serious, or critical condition, respectively. List the elements of the sample space S, and list the elements of the event consisting of a selected patient

(a) With no medical insurance and in serious or critical condition

(b) With medical insurance and not in critical condition

(c) In good or fair condition

(d) With medical insurance

8. Two cards are selected in succession from an ordinary deck of cards. The suit of the first card is recorded, and then the suit of the second card is recorded. For the suits, let C = clubs, D = diamonds, H = hearts, and S = spades. List the elements of the events consisting of 

(a) Both spades 

(b) Either both spades or both clubs 

(c) At least one heart 

(d) A diamond as the second card

9. A statistics class contains 14 males and 20 females. A student is to be selected by chance and the gender of the student recorded. 

(a) Give a sample space S for the experiment

(b) What is the probability that the selected student is female?

10. Consider the experiment of tossing two fair dice. Find the probability of each of the following events: 

(a) The sum of the two dice is less than 5

(b) We get one or two 6s

(c)  Neither is a 6

(d) The sum is either 7 or 11.

11. A health clinic in the city of Worcester employs 50 people. Four live in the town of Shrewsbury, 10 live in Auburn, 12 live in Grafton, and the rest live in Worcester. One employee is needed to participate in a clinic project. If one employee is randomly selected, find the probability that 

(a) The person lives in Shrewsbury

(b) The person lives in Worcester.

12. A digit is to be selected by chance.

(a) Give a sample space S. 

In parts (b) and (c), list the elements of the event. Then find the probability that the event will occur. 

(b) The event consisting of an odd digit

(c) The event consisting of a number larger than 

13. An experiment consists of selecting by chance four digits and recording each in succession as E then (even) or O (odd). 

(a) List the elements of a sample space S

In parts (b}-(d), find the probability of each event. 

(b) The event consisting of all evens 

(c) The event consisting of one or more evens

(d) The event consisting O two or more evens occurring m succession

14. Assume there is a 50-50 chance that a newborn child will be a boy. In a family of four children, find the probability that 

(a) There are exactly two boys

(b) The oldest two children are boys

(c) All the children are girls

(d) Not all the children are girls.

15. Megabucks, a lottery game conducted by the Massachusetts State Lottery Commission, consists of selecting six numbers from the 42 numbers 1,2,3,…,42. (No repetitions are allowed, and order does not matter.) The commission selects by chance the six winning numbers. You pay $1 to play. You get a free ticket if three of your numbers match three of the winning numbers, $75 for matching four numbers, $1500 for matching five numbers, and a large prize if you match all six numbers. The sample space S consists of all possible six-number combinations that can be selected. It can be shown that n(S) = 5,245,786. The number of elements in S that match 0,1,2,3,4,5, or 6 winning numbers is as follows:

      Number of Matches                                     Number of Possibilities

0 1,947,792

1 2,261,952

2 883,575

3 142,800

4 9,450

5 216

6 1

Find the probability of the following

(a) Not winning anything 

(b) Getting one or more matches 

(c) Winning a free ticket 

(d) Getting either $75 or $1500 

(e) Winning Megabucks
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