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5. Conditional Probability and Independence

Conditional Probability

· The probability of an event when partial knowledge about the outcome of an experiment is known is called conditional probability.
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for the conditional probability that event 
[image: image2.wmf]A

 occurs, given that event 
[image: image3.wmf]B

 has occurred.

Example 1

The following data are characteristics of the voting-age population regarding the 1992 presidential election in the United States. Number of persons is measured in thousands.

	
	Voted
	Did not vote
	Total

	Males
	53,312
	35,245
	88,557

	Females
	60,554
	36,573
	97,127

	Total
	113,866
	71,818
	185,684


For a randomly selected person from the population, let 
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 be the event that the person selected voted, and 
[image: image5.wmf]B

be the event that the person selected is a male. Find each of the following:
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Independent and Dependent Events

· Two events 
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 and 
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 are said to be independent if
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.  Otherwise, the events are dependent.

· Note that, if the occurrence of one event does not change the likelihood of occurrence of the other event, the two events are independent 
Note that independent events and mutually exclusive events are not the same!
Example 1 – cont’d

Are events
[image: image16.wmf]A

and 
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independent?

Solution

Since 
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, the events 
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 and 
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 are not independent.

Probability Rules Again

Complement rule

Each simple event must belong to either 
[image: image21.wmf]A

 or 
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. Since the sum of the probabilities assigned to simple events is one, we have for any event  
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Addition rule

For any two events 
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 and 
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Multiplication rule

For any two events A and B
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When A and B are independent
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Example 2

Let 
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 and 
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be independent events with 
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Solution

Let us use the addition law:
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Because of the independence of these events, 
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Therefore,
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Probability Trees

This is a useful device to build a sample space and to calculate probabilities of simple events and events.

Rules for constructing a probability tree

1. Events forming the first set of branches must have known marginal probabilities, must be mutually exclusive, and should exhaust all possibilities (so that the sum of branch probabilities is 1)

2. Events forming the second set of branches must be entered at the tip of each of the sets of first branches. Conditional probabilities, given the relevant first branch, must be entered, unless assumed independence allows the use of unconditional probabilities. Again, the branches must be mutually exclusive and exhaustive.

3. If there are additional sets of branches, the probabilities must be conditional on all preceding events. As always, the branches must be mutually exclusive and exhaustive.

4. The sum of path probabilities must be taken over all paths included in the relevant event.

Example 3

In a certain television game show, a valuable prize is hidden behind one of the three doors. You, the contestant, pick one of the three doors. Before opening it, the announcer opens one of the other two doors and you see that the prize isn’t behind that door. The announcer offers you the chance to switch the remaining door. Should you switch, or it does not matter?

Solution

Call the door that you select A, the others B and C. Assuming that the prize is distributed randomly among the doors, the probability that it’s behind each of the doors is 1/3. If you picked a wrong door in A, the announcer has no choice. If B contains the prize, the announcer must open C; if C has the prize, he must open B. But if you picked correctly and A has the prize, the announcer does have a choice. Let us assume that the announcer picks B or C randomly, each with probability ½ in this situation. We can construct the following tree:


[image: image38]
Suppose that the announcer has chosen B (and you chose A initially). What is the probability that the prize behind C?
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so 
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. You have a better chance of winning if you switch to door C!

Recommended exercises: 3.86—3.94, 3.110—3.111, 3.113, 3.115—3.116, 3.118—3.121
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Exercises 

1. Considered the tossing of two fair dice. Consider the following events: 
[image: image41.wmf]A

 = sum is 7 or more, 
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 = sum is even, 
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 = sum is 7, and D = sum is less than 11.

(a) Verify that the only pair of mutually exclusive events is
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, 
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.

(b) Use the Addition Rule to find 
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(c) Let 
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= sum is less than 4, and 
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= {(3, 3)}. Find 
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2. A card is to be randomly selected from an ordinary deck of 52 cards. Consider the following events: 
[image: image50.wmf]A

= ace, 
[image: image51.wmf]B

= face card, and 
[image: image52.wmf]C

 = club.

(a) Verify that the only pair of mutually exclusive events is 
[image: image53.wmf]A

, 
[image: image54.wmf]B

.

(b) Use the Addition Rule to find 
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3. Assume that the mother is a carrier for colorblindness and the father is normal. Assume also that when a parent contributes a gene from a gene pair, either gene is equally likely to be contributed. Let event 
[image: image56.wmf]A

 = carries gene for colorblindness and event 
[image: image57.wmf]B

= is colorblind.

(a) Assign probabilities to each outcome.

(b) Are the events 
[image: image58.wmf]A

, 
[image: image59.wmf]B

 mutually exclusive?

(c) Find the probability that an offspring will either carry the colorblind gene or be colorblind.

4. The following data are characteristics of the voting-age population regarding the 1992 presidential election in the United States. Number of persons is measured in thousands.
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                                  Voted                                                                    Did not vote
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        Males           53,312                                                                   35,245
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        Females        60,554                                                                  36,573

For a randomly selected person from the population, let 
[image: image64.wmf]A

 be the event that the person selected voted, and 
[image: image65.wmf]B

 be the event that the person selected is a male. Find each of the following:

(a)
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5. There are 2000 voters in a town. Consider the experiment of randomly selecting a voter to be interviewed. (The voters in the town are the possible outcomes of the experiment.) The event 
[image: image69.wmf]A

 consists of being in favor of more stringent building codes; the event 
[image: image70.wmf]B

consists of having lived in the town less than 10 years. The following table gives the numbers of voters in various categories.
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                                     100                                                                       700
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                                     1000                                                                     200

Find each of the following:
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6. Two cards are to be selected from an ordinary deck of 52 cards. Assume the first card is replaced before the second card is selected. Consider the following events: 
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 = first card is an ace, 
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 = second card is an ace, 
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= second card is a king.

(a) Find 
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(b) Find 
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(c) Now suppose a third card is selected after replacement of the first and second cards. Let 
[image: image83.wmf]D

 = third card is not an ace. Find 
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7. A sporting goods store has a large batch of cans of tennis balls on hand. Ten percent of the cans are unacceptable (that is, contain at least one defective ball).

(a) A customer decides to purchase one can. What is the probability that the customer will be satisfied?

(b) A customer is to purchase two cans. Find the probability that

i. Both cans will be satisfactory.

ii. Exactly one can will be satisfactory.

iii. At least one can will be satisfactory.

8. Suppose that the probability that a child produced by a couple will have a particular disease is .1. If they plan to have four children, what is the probability that one or more children will have the disease?

9. A large shipment contains 2% defective items. Five items are to be selected. What is the probability of getting one or more defective items?

10. Assume that we tossed two fair dice. Consider the following events: 
[image: image85.wmf]A

 = sum is 7 or more, 
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 = sum is even, 
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 = sum is 7, and 
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 = sum is less than 11. Find 
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11. Two cards are to be selected from an ordinary deck of 52 cards. Assume that the first card is not replaced before the second one is drawn. Consider the following events: 
[image: image92.wmf]A

 = first card is an ace, 
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 = second card is an ace.

(a) Find 
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(b) Find 
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. Are the events A, B independent?

(c) Find 
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12. If the mother is a carrier for colorblindness and the father is normal.

(a) Find the probability that a child will be colorblind if it is male.

(b) Find the probability that a child will be colorblind if it is female.

13. A committee of seven consists of two males and five females. Two members are to be chosen randomly to look into a specific problem. What is the probability that both males will be chosen? Hint: Imagine the selection as a two-stage process-select one member then another, without replacement. )

14. A business employs 600 men and 400 women. Five percent of the men and 10% of the women have been working there for more than 20 years. If an employee is selected by chance, what is the probability that the employee is male, given that the length of employment is more tan 20 the years?

15. A change was proposed in the mathematics curriculum at a college. The mathematics majors were asked whether they approved of the proposed change. The results of the survey follow.

                         Approved                         No opinion           Did not approve

      Female       21                                      6                           12

       Male         14                                      10                          7

     Suppose that a mathematics major is selected by chance. Find the probability that

(a) The student is female, given no opinion.

(b) The student approves of the proposed change, given the student is male.

(c) The student is male, given the student does not approve of the proposed change.

(d) The student is male and approves of the proposed change. 
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