Chapter 4. Bayesian Analysis (C5) I

& Bayesian Robustness
> Posterior Robustness: Basic Concepts
e Basic Framework

Suppose a Bayesian is considering choice of an action,
a, and is concerned about its robustness as 7 varies
over a class I of priors. If L(6,a) is the loss function
and p(mw(f|x),a) the posterior expected loss of a, it is

natural to evaluate the robustness of a by considering

(;ren; p(m(0|x), a),sup p(m(0|x), a)) ;

Tel

this gives the range of possible posterior expected
losses. Through the device of using inference losses,
robustness can also be considered using this

framework.
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Example 1: Suppose the action, a, is to choose a
credible set C C O. Defining

L(6,C)=1—-1c(0),
so that
p(r(8|z),C) =1— P (9 e )= P ") (g ¢ C).
As a special example, suppose X sin N(6,1),
I={n: mis N(u, 7%), 1 < p<2,3<7° <4},

and x = 0 is observed. Suppose the credible set
C = (—1,2) is to be reported, and it is desired to
determine tis minimum and maximum probabilities of

containing 6 as m ranges over I'.

Note that, for N(u, 7*) prior, the posterior is normal
with mean and variance
1 T2 1

SR SR L e

p(z) = m

and
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Thus, the range of posterior corresponding to I' is

*(z) = {7?(9|0) m(010) is N (e, Tz )

1gug2,3gf2g4}.

It follows that
2

P”(9|0)((—1,2)):/ (6]0)do

-1
N -1 —
—& 2 1+72 | & 1 1+T

2 2

1—}—7'2 1+T2

2 — kL 1+
—p | M | 1 o —HT —1,
2 2

1+72 1472
where ®(-) is the N(0,1) cdf. Now,

opPm019)((-1,2))
op

_ K

_ 1 _¢ 2T + e >0

\/7-2(14—7-2) T2 2 ’
1+72 1472

for 1 < <2 and 3 < 7* <4, where ¢(-) is the
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N(0,1) pdf. Note that in this case,

242 —u> 1474 pu <= 14+7°>2u.

Thus, P9 ((—1,2)) is an increasing function of u.

For p = 2,
P19 ((-1,2))

9 _ 2
—& 1472

V0.75 < § < V0.8,

P10 ((—1,2)) = (26) + @ (% - 25) —1,

and

P9 (~1,2)) _ : 3
35 — 26(26) — (3/6% + 2)¢ (5 - 25) .
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Since 2 < 3/6% + 2 and

2_25 <26 «= 0.75 = (3/4) < 62,

PO (~1,2) _
00 —
Therefore, P™1%((—1,2)) is a decreasing function of
§, and the maximum of P™(?19((—1,2)) is attained at
§ = +/0.75. Plugging § = +/0.75 into P™°19((—1,2)),

we obtain

pT019)((=1,2)) =®(2v/0.75) + & (\/% — 2\/0.75> —1

—28(1.73) — 1 = 2(0.9582) — 1 = 0.916.

Similarly, we can show that when pu =1,
P(™19((~1,2)) is minimized at 72 = 4 and the
minimum value of P("(°19((—1,2)) is 0.888. Thus,

0.888 < P("19 () < 0.916

0.084 < p(w(0]0),C) < 0.112.
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Definition: The I'-posterior expected loss of ag is

Zp (0)|x), ao)

el

Example 1 (continued): We calculated that
pr(C) = 0.112.

This corresponds to saying that C is at least an 88.8%

credible set.

Definition: An action ag is e-posterior robust with

respect to I if, for all m € I,

(7 (0]), a0) — inf p(n(0]z),a)| < e
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Example 2: Suppose it is desired to estimate 6
under L(6,a) = (6 — a)?. We have

p(m(0]z),a0) = V™ (2) + (1" — ao)”,

where ™ and V™ are the posterior mean and
variance. Also, we know that the minimum of
p(mw(0|x),a) is achieved at a = p” (x), which has

posterior expected loss V™ (x). Hence

|p(n(6]2), ao) — inf p(m(6]x), a)| = (u™(x) — ao)".

Thus ag is e-posterior robust if it is within ++/€ of all
the posterior means corresponding to priors in I'. In
Example 1, the posterior means (1/(1 4+ 7%)) range
over the interval [0.2,0.5], so ap = 0.35 would be
(0.15)* = 0.0225-posterior robust.
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{> Posterior Robustness: ¢e-Contamination
Class

The e-contamination class of priors, defined by
F={r:m=(1—¢€)m+eq, qg€ Q},

is particularly attractive to work with when

investigating posterior robustness.

Lemma 1: Suppose m = (1 — €)mo + €q, that the
posterior densities mo(0|x) and q(0|x) exist, and that
m(x|m) > 0. Then

m(0lx) = A(x)mo(0]) + [1 — A(z)]q(0]z),

where

(1— m(a|mo) em(zq)
malr) | (= m(|m)

AMzx) =

and m(x|m) = (1 — ¢)m(x|mo) + em(x|q).

Furthermore, in a decision problem,

p(r(0|z),a) = E"P[L(6, a)]
=A(@)p(mo(blz), a) + [1 — A(x)]p(q(0]2), ).
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Example 3: To find the posterior mean, u” (x), for
m €, set L(0,a) =0, yielding

7 (@) =A(@) BT[]+ [1 = M) B o
=M@)u™ (@) + [1 = A@)]u’ (@)

To find the posterior variance, V" (x), set
L(0,a) = (0 — u™(x))?, yielding

V()
=X(z) E0CI® (9 — 1i™)2] 4 [1 — A(@)] EICID)[(0 — ™))
=A@)[V™ + (u™ — ™)+ [1 = A@)][V + (p? = p™)?]
=Ax)V™(z) + [1 — A(z)]V(x)

+ A(@)[1 — A@)][™ () — p ()],
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Theorem 1: Suppose Q = { all distribution } and
L(6,a) = Ic(0), so that

p(n(0]z),a) = P*P®) (g € O).

Then

inf P"O®) (9 c C) = Py x {1 +

€SUDg¢ o f(x|6) -
well ’

(1 — e)m(=x|mo)

and

sup P*®) (g € ©)
mel’

=1-(1- P) [1+

€ SUPgc ¢ f(w|9)] -
(1 — e)m(x|mo) ’

where Py = P™CIT)(g ¢ C).
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Proof: The formula for sup, .- P*°1®) (g € C)
directly follows from the formula for

inf,er PTO®) (9 € C). Thus, it is sufficient to show

—1

0)
¢ pr(0IT) _p 1 4 E8UPo¢c (x|
mf (0€C)=Pox 1+ 7 almo)

Let C denote the complement of C. Also, for any
q € Q, let

2q(A) = /A F((0)q(d8).

Clearly

pTeI) (g ¢ ) = (1 —e)m(x|mo) Po + €24(C) -
(1 —e)m(x|mo) + €24(C) + €24(C)

Consider the function
Ki+z
T Kitz+g(z)
It is straightforward to check that A is increasing in
z > 0 when K3 > K7 > 0 and q is a positive,

decreasing function of z. Setting

h(z)

Ki=(1—-¢m(x|mo)Po and K —2 = (1 — ¢)m(x|mo),

it follows that P™?®) (9 € C') can be decreased by
taking any mass that g assigns to C' and giving it to
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C; thus P™®®) (9 € C) is minimized when
24(C) = 0.
Furthermore,

inf P™1®) (9 e O)
well

_ in (1 — E)m(w|7T0)P0
{g: 24(C)=0} (1 — €)m(x|mo) + €24(C)
(1 — E)m(m|7T0)P0

(1 = e)m(z|mo) + esupyy ., (c)=0y 2a(C)

sup  2,(C) = sup f(6),
0

{q: zq(C)=0}

which proves the theorem.

eC
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e Note: The major applications of Theorem 1 are to
robustness of credible sets (where C is the credible
set), and to hypothesis testing (where C' defines a
hypothesis).

Example 4: Suppose that X ~ N(6,0%) and that

mo(0) is N(u,7%). We know that the 100(1 — a)%
HPD credible set for 8 under mq is

o o

0= (W@ +2(5) VV ), w(@) = (5) VV™(@).

where
2

](w—u)

p'(z) = — [

o2 + 712

2_2
o T

o2 4+ 727

To investigate the robustness of C' over the

Vi(z) =

e-contamination class of priors, with Q={all

distributions}, we use Theorem 1.
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Note first that, if x € C, then
> f(=@l6) = f(z|z) = (2m0?) 72,
ocC

while

E f(z|0) = f(x | endpoint of C closest to x)
6¢C

1
=(2mo?) "2 exp {— ﬁ(endpoint —x

Since Pp =1 — a and

m(x|mo) = [27‘(‘(0’2 + 7'2)]_1/2 exp {—

we have determined all quantities in
infrer P™T) (9 € C) and sup,, . P (0 € C). Tf
x ¢ C, then the right-hand sides of } ,_. f(z|f) and
>_g¢c f(2]|0) should be interchanged.
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As a concrete example, suppose that o® = 1, 72 = 2,
@ =0, and € = 0.1. First, suppose x = 1 is observed.
%, VT = %, and the 95% HPD interval

2 2 1/2

so that £ = 1 € C. Hence we have

sup f(1|6) = (2r)" " = 0.4
6cC

and

1
1|60) =
e 00 = 73

Also, Po =1 — a = 0.95 and m(1|m) = 0.19, so that
Theorem 1 yields

1,2 2
exp{—2 (15 —1I- 1.96(5)1/2)2} — 0.18.

0.1(0.18)
0.9(0.19)

inf P79 € 0) = 0.95 [1 +

1
} — (.86,
mel

.1(0.4
sup P™1) (9 € C) = 1—(1-0.95) [1-|— 0.1(0-9)
mel’

—1
—] — 0.96.
0.9(0.19)

Thus our “confidence” in C' actually ranges between

0.86 and 0.96 as m ranges over I'.

12-15



Suppose, instead, that £ = 3 is observed. Then
©™(3) =2 and C = (0.4,3.6). Again, 3 € C, so we

calculate

0.1(0.33)
0.9(0.051

inf P79 € 0) = 0.95 [1 +
mel’

)}_1 — 0.55,

0.1(0.4)
0.9(0.051

sup P™°13) (9 ¢ C) = 1—(1-0.95) [1+
mel

~1
)] = 0.97.
Example 5: Again suppose that X ~ N(6,0°) and

0 ~ N(p,7%), but now we desire to test Ho: 6 < 6
versus Hi: 6 > 0. Defining C' = (—o0, 0p), we have
that the posterior probability of Hy is simply that of
C'. The formulas in Theorem 1 and Example 4 thus
apply directly to this problem.

As a concrete example, suppose o =1, u = 0,

72 =2, 00 =0, and £ = 2 is observed. Then the
posterior probability of C' under mg is

Py = P™0012)(0) = ([0—p™(2)]/VVT) = ®(—1.63) = 0.052.

Note that x = 2 ¢ C, so that we calculate

sup £(210) = (2)~ 2 exp{—=(0 — 2)?} = 0.054
6cC 2
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sup £(2]0) = (2r) "2 = 0.40.
0¢C

Also m(2|mg) = 0.12. Theorem 1 yields

[1 n 0.1(0.40)

—1
—] — 0.038,
0.9(0.12)

inf P7(12)(g € C) = 0.052
el

and

sup P (9 € ©)
mel

0.1(0.054
0.9(0.12)

)} ' 0.097,

=1 — (1-0.052) |1+

e Note 1: An important feature of posterior
robustness is that it is generally highly dependent on
the x observed. Thus, for x = 2 in Example 4, the
nominal 95% set maintains reasonably high
probability for all # € I'. For z = 3, however, the
probability of the nominal 95% credible set can drop
to as low as 0.55 for all m € I
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e Note 2: What is to be done when posterior
robustness is found to be lacking as 7 varies over 1'?
The first consideration should be to determine if the
lack of posterior robustness is due to I' containing
unreasonable prior distributions. It will often be the
case that @ = { all distributions } is too large. A

relatively simple alternative to using the “too large” T’

is to use the e-contamination class, with @ chosen to

be a parametric class of distributions.
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Example 6: Suppose X ~ N(6,0?) and g is
N(p,7%). Consider the e-contamination class, I', with

Q={qr: qris U= (u—k,u+k),k >0}

To find the range of posterior probabilities of an
interval C' = (c1,c2) as m ranges over I', we need to

consider
PP (9 e C) = A (z)Po + (1 — Me(2))Qx,

where
Py = PTo0l2) (g € ),

€ .m(fﬁm)]_l
1—€¢ m(z|mo) ’

A () = [1 T

p+k 1
mala) = [ f(al0) - 3o

o) e ()]

%

Qi) =Pl (g e 0) = — / " F(al0) ide

m(z|qk)

=T [q’ (C**a_ x) —° <;m>]+

3k k

c¢* = max{ci,—k}, ¢** = max{co,k},

and “+” stands for the positive part.
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As a concrete example, suppose € = 0.1, 02 = 1,
p=07™7=2x=1,and C = (—0.93,2.27). Then
numerical calculation gives

inf P12 (9 € C) = 0.945 (achieved at k = 3.4),

sup P™%%) (9 € C) = 0.956 (achieved at k = 0.93).
el

Thus we have excellent posterior robustness.

For the case x = 3 with C' = (0.4, 3.6), the inf is 0.913
(achieved at k = 5.2) and the sup is 0.958 (achieved
at k = 3.6). Recalling that the corresponding inf in

Example 4 was 0.55, it seems clear that the apparent
nonrobustness in that example (x = 3) was due to the
unreasonable I'. It would thus seem quite safe to call
C at least a 90% credible set.
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