‘ Chapter 4. Bayesian Analysis'

& The Posterior Distribution
e Definition and Determination

The posterior distribution of 6 given & will be
denoted 7(f#|x), and is defined to the conditional
distribution of 8 given the sample observation .

Notice that the joint density for § and X is
h(z,0) = m(0)f(x|0),

and the marginal density for X is

m(w):/Gf(a:|0)dF7T(0).

Thus, the posterior distribution is

h(x, )

m(z)

7(0]x) =

Y

provided that m(x) # 0.




Lemma 1: Let T denote a sufficient statistic for 6.
Assume m(t) (the marginal distribution of t) is

greater than zero, and that the factorization theorem
holds. Then, if T(x) =

r(0la) = n(o)t) = TD9EY)

m(t)

Proof: Using the factorization theorem, we have

f(x]0) = h(=)g(T(2)|0),

m(e) = /@ r(6)h(x)g (T ()|6)d6

Hence

(i) = @) _ (O)llo)
Jo 7(@)h(@)g(T@)0)d6 —  m(?
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Example 1: Assume X ~ N(0,0%), where 6 is
unknown and o is known. Let m(0) be a N(u, %)
density. Then

Olz ~ N(u(z),1/p),

2 2
o

$:$—02+T2($—M),

_|_
_|_

and p = precision = % —

The derivation of 7(6|z) directly follows from

straightforward calculus.




Example 2: Assume a sample X = (X1, X2,..., Xy,)
from a N(,0%) distribution is to be taken (o
known) and 6 ~ N(u,7). Then, X =1 3" X, isa
sufficient statistic and

2
o
, —

X0 ~ N@©, ).

Using Lemma 1 and Example 1 with ¢ replaced by

0_2

°—, we obtain

n

0lz ~ N(u(z),1/p),

a2

n

©+

o2 2 o2

and p = precision = 5




e Conjugate Families

Let F denote the class of density functions f(x|6)
(indexed by #). A class P of prior distributions is said

to be a conjugate family for F if w(6|x) is in the class
P for all z € X and 7 € P.

Examples of conjugate priors include (i) (Normal

mean) X |0 ~ N(6,0°) and conjugate prior

0 ~ N(u,7*); (ii) (Normal variance) X |0 ~ N(u,6)
and conjugate prior 8 ~ ZG(«, 3); (iii) (Poisson)

X |0 ~ P(0) and conjugate prior 8§ ~ G(a, B); (iv)
(Gamma) X |0 ~ G(v,0) and conjugate prior

6 ~ G(a, B); and (v) (Binomial) X |6 ~ B(n, ) and
conjugate prior 8 ~ Be(a, ().
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e Improper Prior

The analysis leading to the posterior distribution can
formally be carried out even if 7(#) is an improper

prior.
For example, suppose 7(6) = 1. Then we can take

1
7Tn(9) = %[(_n,n) (9)

and then the posterior can be defined as

f(z]0)mn (0)

w(flx) = lim

n—— 00 ffooo f(x|0)mn(0)do




# Bayesian Inference
e Estimation
The common point estimates of 6 include

— The Largest Posterior Mode, é, which is also
termed as the generalized mazrimum likelihood

estimate:

7(0|x) = sup 7 (0|x).
0c®

— Posterior Mean:

E™C1T) g — / o (6]x)do.
S

~

— Posterior Median, 6:




Example 3: Assume

F(z]0) = e= "V I1g 00y (z),

Then,
™" Ijg,00) ()

mOlz) = @+ 67)

To find § maximizing 7 (|z), note first that only

6 < x need be considered. For such 6,

d B 20 (- 1)
@logw(mx)—l 116"~ 1562 > 0.

Thus, log 7 (0|z) (so as w(#|x)) is increasing for 6 < .
It follows that 7 (f|z) is maximized at = z, which is

thus the generalized maximum likelihood estimate of

6.

Note that the closed forms of the posterior mean and

median are not available for this case.
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Example 4: A not uncommon situation is to observe
X ~ N(0,0?%) (for simplicity assume ¢? is known),
where 6 is a measure of some clearly positive quantity.
The classical estimate of 8 is x, which is clearly
unsuitable when x turns out to be negative. A
reasonable way of developing an alternative estimate
(assuming no specific prior knowledge is available) is

to use the noninformative prior 7(0) = I(9,00)(0) (since

6 is a location parameter). The resulting posterior is

exp{—(0 — 2)*/(20") } (0,0 ()
Jo exp{—(0 — 2)*/(20%)}d6

w(0|r) =

The posterior mean is
E(6l2) (g :fooo 0 exp{—(0 — x)?/(202)}db
Jo exp{—(0 — x)?/(202)}db
n=2=z [, )5y (on + x) exp{—n?/2}odn
St )0y exp{—n?/2}odn
(2m)~to fix()w/a) nexp{—n?/2}dn
1—®(—z/0)
(2m) 1o exp{—a2/(20%)}
1 —®(—x/0) ’
where @ is the N (0, 1) cdf.

=x +

=x +




e Estimation Error

The Bayesian measure of the precision of an estimate
is (in one dimension) the posterior variance of the

estimate, which is defined as follows.

If 0 is a real valued parameter with posterior
distribution 7w (#|x), and § is the estimate of

0, then the posterior variance of 9 is
Vi (x) = BT [(6 - 6)°].

When ¢ is the posterior mean

u" (2) = E"O®)[g)

then

will be called simply the posterior variance
(and it is indeed the variance of 6 for the
distribution 7 (0|x)). The posterior standard

deviation is \/V 7™ (x).
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e Multivariate Estimation

Bayesian estimation of a vector @ = (61,02,...,60,)" is
also straightforward. The generalized maximum
likelihood estimate (the posterior mode) is often a
reasonable estimate, although existence and
uniqueness difficulties are more likely to be
encountered in the multivariate case. The posterior

mean

p (@) = (uf (@), 13 (@), - ..,y (@) = B~ O [g)

is a very attractive Bayesian estimate, and its
precision can be described by the posterior covariance

matrix

V™ (z) = E"OP (0 — um(2)) (6 — " (2))].

For a general estimate § of 8, can be shown to be

Vg () =E"O®[(6 - 5)(6 - 5)]
=V () + (" () — ) (1" () — &),

Again, it is clear that the posterior mean “minimizes”

VE ().
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Example 5: Suppose X ~ N,(0,3) and

0 ~ N,(u, A). Here p is a known p-vector, and ¥ and
A are know (p X p) positive definite matrix. It can be
shown that 7(0|x) is a Np(u"™ (x), V™ (x)) density,
where the posterior mean is given by

z—S(Z+A) (e - p)

and the posterior covariance matrix by

Vieg)= A"+ H ' =2-SA4+2)'%.
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e Credible Sets

— A 100(1 — a)% credible set for 0 is a subset C of
© such that

| — o <P(Clz) = / A1) ()
C

fc 0|:1: )df (continuous case),

(discrete case).

— The 100(1 — a)% Highest Posterior Density
(HPD) credible set for 6 is the subset C' of © of

the form
C=Ck(a) ={0€0: 7(0lx)>k(a)},
where k() is the largest constant such that

P(C(k())le) > 1 -«
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Example 1 (continued): In Example 1, we assume
X ~ N(0,0?%), where 0 is unknown and ¢ is known.

Then, we obtain

Olz ~ N(u(z),1/p),

2 2
T o

xzx_0'2—|—7'2(x_u),

_|_
and p = precision = % + %

Since the normal distribution is symmetric, it is clear
that the 100(1 — )% HPD credible set (HPD

interval) is given by

C(k(e) = (u(@) + 2(a/2)p™2, u(w) — 2(a/2)p™7) |

where z(a) is the a-fractile of a N (0, 1) distribution.
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e Properties of HPD Interval

A HPD interval has two main properties:

(a) the density for every point inside the interval is
greater than that for every point outside the

interval; and

(b) for a given probability content (1 — ) the

interval is of the shortest length.

When 7(6|x) is symmetric and unimodal, the
Bayesian credible interval (§(/? §1=2/2)) where
0(>/2) and 61=2/2) denote the (o/2)-fractile and

(1 — a/2)-fractile of w(8|x), is also an HPD interval.
However, when 7(6|x) is not symmetric,
(6(>/2),9(1=2/2)) ig not an HPD interval in general,
and in this case, an HPD interval is more desirable,
since it displays more desired features of the posterior

distribution than a credible interval.
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e Monte Carlo Estimation of HPD Intervals
Density Estimation Based Method

— Reference: Box and Tiao (1992, book), Wei and
Tanner (1990, Biometrika), Tanner (1996, book),
or Hyndman (1996, American Statistician)

— Algorithm

(a) Assume that a random (or dependent) sample
{6:;, i =1,2,...,n} is available from the

posterior distribution 7 (0|x).

Compute & = w(0i|x) for i =1,2,...,n

Choose k(a) = &(jy, where £(;) is the 5"

smallest of {£;}, 7 = [an], and [an] denotes

the integer part of an.
Compute C(k(a)) ={0: =(8|x) > k(a)}.

— Disadvantages: Completely known 7(6|x) and
difficult to compute C(k(a)).
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A Nonparametric Monte Carlo Approach

— Reference: Chen and Shao (1999, JCGS).

— Algorithm

Step 1. Obtain a random or dependent sample
{0:, i =1,2,...,n} from w(0|x).

Step 2. Sort {6;, i =1,2,...,n} to obtain the
ordered values:

Oy < 02) <+ < Omy.

Step 3. Compute 100(1 — «)% credible intervals

Ci(n) = (00), 0G+1(1-a)n]))

for j=1,2,...,n—[(1 — a)n].

Step 4. The 100(1 — a)% HPD interval is the
one, denoted by C;=(n), with the smallest

interval width among all credible intervals.
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Asymptotic Consistency

Theorem 1: Assume that {0;, i =1,2,...,n} be an
ergodic Markov chain Monte Carlo or random sample

from 7 (0|x) and 7(6|x) is unimodal. Then,

Cj+(n) = C(k(a)) a.s. as n — oo.

The proof of this theorem is very technical, and it can
be found in Chen and Shao (1999).
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