Chapter 4. Bayesian Analysis (C2) I

& Bayesian Decision Theory
> Posterior Decision Analysis
e Posterior Expected Loss and Bayes Action

The posterior expected loss of an action a, when the

posterior distribution is 7 (0|x) is

p(m(0]z),a) = /@ L(8,a)dE™®1%) (g).

A (posterior) Bayes action, to be denoted by 6™ (x) is
any action a € A which minimizes p(7(0|x),a), or

equivalently which minimizes

/@ L(0, a) f(x|0)dF™ (6).

e Bayes Rule: A Bayes rule ™ minimizes the Bayes
risk r(m, d).
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e Result 1: A Bayes rule ™ can be found by choosing

an action which minimaizes the posterior expected loss.

e Note: The Bayes rule 6™ need not be unique.

When m(x) = 0, 6" can be defined arbitrarily.
Furthermore, if r(mw,d) = oo for all §, then any

decision rule is a Bayes rule.




e Result 2: If 6 is a nonrandomized estimator, then

r(m,d) = /{{I3 o) w(mw(6|x),d(x))dF™ (x).

Proof: By definition,
r(, p) /Readzﬂ(e)

//L(o 5(2))dF X" (z)dF™ (6).

Since L(6,6) > —K > —oo and all measures above are
finite, Fubini’s theorem can be employed to

interchange orders of integration and obtain

r(m,8) = fx [f@ (:13|(9)dF7T(9)} dz,
>x Lo L(975 ) f(x|0)dF™(0)] ,
in the cases of continuous and discrete X, respectively.
Finally, noting that, if m(x) = 0, then f(x|0) =0
almost everywhere with respect to 7(6), the definition
w(0|lx) and p(w(f|x),d) yield the result.
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e Generalized Bayes Rule:
If 7 is an improper prior, but " is an action which

minimizes

o((0]z), a) = /@ L(6, a)dF™ %) ()

for each & with m(x) > 0, then §™ is called a

generalized Bayes rule.

> Estimation

e Result 3: If L(0,a) = (6 — a)?, the Bayes rule is

6" () = BT[],

which s the posterior mean of 6.
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e Result 4: If L(0,a) = w(0)(0 — a)?, the Bayes rule
& (01)
(0|
() = B2 Bw(O)]
701 [w(9)]

Proof: Since
p(n(8]), a) = /@ w(8)(6 — a)2dF™C®) (g),

we set

dp(m(8|x), a)
da

— o [ (O — D dFOI) gy —
_ 2/@ (6)(0 — a)dF™C®) (g) = 0

and the minimum of p(w(@|x),a) is obtained at
 Jow(0)8dF™ 1T (9)
- Jow(0)dF™EI®)(6)

()
~ B [w(g)]

0" ()
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e Example 1: Assume X ~ N(6,0°), where 6 is
unknown and o is known. Let m(0) be a N(u, %)

density. Then

Olz ~ N(u(z),1/p),

2 2
T o

p(z) = Pt =T (z —n),
_|_

0-2_|_7-2 O-2_|_7-2

and p = precision = 25 + .

Thus, the Bayes rule under the squared-error loss is

0_2 7_2 0_2

02—|—7'2'u a2_|_7_2:13:x—02+7_2(x—,u,).

0" () =

If we let 72 — o0, i.e., we use m(#) = 1, then the

generalized Bayes rule under the squared-error loss is

0" (z) = =x.




e Example 2: Assume X ~ Bin(n,0), 8 ~ Be(a, 5)
and w(f) = [6(1 — 6)]~". Then, we have

Olx ~ Be(a + z,6+n — x)

and the Bayes rule under the weighted squared-error
loss is

_ B[ —g)
~ B [§-1(1 — )]

0" (x)

f‘ol ea-l—m—l(l . 9)B+n—m—2d9

!ﬁ;9a+x—2(1__9)ﬁ+n—w—2d9
Bla+z,64+n—xz—1)
Bla+z-1,6+n—x—1)
a+x—1
a4+ B84+n—-2

What is the Bayes rule under the squared-error loss?
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e Bayes rule under the quadratic loss:

For the quadratic loss L(0,a) = (0 —a)'Q(0 — a) (0
and a are now vectors and () is a positive definite
matrix), then the Bayes rule (or Bayes estimator) is

the posterior mean

6" (z) = E"9®)[g.

e Result 5: If L(0,a) = |0 — a|, any median of 7(0|x)

1s a Bayes estimator of 0.

Proof: Let m denote a median of w(8|x), and let

a > m be another action. Note that

L(6,m) — L(0,a)

(m—a if 6 < m,

20— (m+a) ifm<0<a,

La—m if 8 > a.
It follows that
L(Q, m) - L(Q, a) < (m - a’)I(—oo,m] (9) + (a’ - m)I(m,oo) (0)

Since P(0 < m|x) > 7, so that P(8 > m|z) < %, it
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can be concluded that

E™C®1,0,m) — L(6,a)]
<(m —a)P(@ <m|x)+ (a —m)P(0 > m|x)

<(m—a)3 +(a—m)3 =0,

establishing that m has posterior expected loss at
least as small as a. A similar argument holds for

a<<m.

e Result 6: If

Ko(@ —a) iff—a>0,

L(6,a) =
(6:) Ki(a—8) if6—a<0,

any (Ko/(Ko + K1))-fractile of w(0|x) is a Bayes
estimate of 6.
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> Hypothesis Testing
Consider Hyp: 6 € O¢ versus Hi: 0 € ©4.
Let a; =acceptance of H; for : = 0,1 and

0, iffe B,

L(O,ai) =
1, if@E@j,j;ﬁi.
Then,

E™CPIL(0,a1)] = / L(0, a1)dF™ %) (9)
©

_ / dF™CO1®) () — P(Op|z).
©9

Similarly,
ETOD(L(6,a0)] = P(O1]).

Hence the Bayes decision is simply the hypothesis
with the larger posterior probability.
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o “0— K;” Loss

Let
0, if 0 € O,
L(H, ai) —
K;, iftfe0; jF#i.
Then, the posterior expected loss is
Em(elm)[l—’(ea a'l)] — K1P(90|ZB),
and

E™CPI1(0, a0)] = KoP(O1|z).

Therefore, in the Bayesian test, the null hypothesis
Hy is rejected (i.e., a1 is taken) when

Ko > P(@o|$)

K1~ P(©|x)

Usually ©9 U ©1 = O, in which case
P(@o|$) =1-— P(@1|w)

It follows that
Ko _ P(©olz) 1—P(O1]xz) 1

K.~ POiz)  POi]x) _ P(Oi.|2)

_1,

or
P(@1|az) >

Thus in classical terminology, the rejection region of
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the Bayesian test is

—_— . Kl
C—{w. P(@1|$)> Ko-|—K1}.

Typically, C' is of exactly the same form as the
rejection region of a classical (say likelihood ratio)
test.

e Example 3: Assume X ~ N(6,0°), where 6 is

unknown and o is known. Let m(0) be a N(u, %)

density. Then

Olz ~ N(u(z),1/p),

2 2
T o

L =T — (ZU—,LL),

,u(:B):U2_|_7_2,u—I—02_|_7_2 02 + 712

1

and p = precision = 25 + =

7__2.
Assume that it is desired to test Hg: 6 > 0y versus
Hi: 6 < 6 under “0 — K;” loss.
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Then, the Bayes test rejects Hy if

Ky
Ko + K1

_ <%>1/2 /_90 exp{_p(9—2ﬁb(w))2}d9

[e.@)

p1/2(00—p(z)) 2
:(2%)_1/2/ exp{—%}dn.

— o0

< P(O1]z)

Letting z(a) denote the a-fractile of a N(0, 1)
distribution, it follows that the Bayes test rejects Hy if

/2.9 K
200~ (@) > = (e )

2
o
r < 0o + 5(90 —p) —o?p'?z

The classical uniformly most powerful size o tests are

of the same form, rejecting Hy when

T < b+ oz(a).

Thus, the Bayes test with a = % and 7(0) =1
(i.e., 7% — 00) is identical to the classical UMP test.
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& A Practice Problem:
Show that if Py(6™ # 0) = 1, then no unbiased

estimator can be Bayes under the squared-error loss.
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