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Classical SIR Model, Kermack and McKendrick (1927)

Three compartments: Susceptible S(t), Infectious I (t) and
Removed (cured and dead) R(t).

dS(t)

dt
= −βI (t)s(t),

dI (t)

dt
= βI (t)s(t)− γI (t)

dR(t)

dt
= γI (t)

Susceptible ratio s(t) = S(t)/N and N is the population size.

β–the infection rate; γ – the removal rate.
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SEIR Model with Four Compartments, Hethcote (2000)

Add Exposed E between S and I , infected but not infectious.

dS(t)

dt
= −βI (t)s(t)

dE (t)

dt
= βI (t)s(t)− αE (t)

dI (t)

dt
= αE (t)− γI (t)

dR(t)

dt
= γI (t)

E is latent, makes estimation harder.
α – diagnosis rate.
Not Infectious before I, the same as SIR.

Bayesian or the EM algorithm Inference
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Time-varying SIR (vSIR)

β(t) and γ(t) change with time

dS(t)

dt
= −β(t)I (t)s(t),

dI (t)

dt
= β(t)I (t)s(t)− γ(t)I (t),

dR(t)

dt
= γ(t)I (t),

Statistical Models: the ODEs specify the conditional means of indpt
Poisson increments at t, leading to likelihood.

We propose a local least square regression estimation (Kernel Smoothing).
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Why Time-varying Coefficients ?

β(t) – the average rate of contact × probability of disease
transmission per contact.

An increasing public awareness plus control measures reduce the
contact rate. And infectiousness may decay over time.

Removal rate γ(t) and the diagnostic rate α(t) were initially low and
then increased as better cures and quicker diagnosis were available.
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Removal Rates in China: Late Jan. to Mid-Feb.

Jan 27th, 0.0043 (0.007)
for 27 provinces in China,
and 15 of them is 0.

Feb 3rd , 0.0095 (0.006);

Feb 10th, 0.030 (0.017);

Feb 17th, 0.061 (0.032).
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Removal (Death, Recover) Rates of 25 Countries.

Estimated total
removal γt (red),
Death γd,t(green)
and recovery γr,t(
blue) for 24
countries and
non-Hubei China.

The grey horizontal
dashed line marks
1/21.
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Estimation for vSIR

Since S(t)/N ≈ 1, I (t) ≈ I (t1) exp{(β(t)s(t)− γ)(t − t1)}. For each
t ≥ w , we estimate β(t)− γ by local log-linear regression

log I (t1) ≈ α(t) + (β(t)s(t)− γ(t))t1,

where t1 = t − w + 1, . . . , t.

Can also do the kernel estimation based on

dN(t)

dt
= β(t)I (t)s(t)

dR(t)

dt
= γ(t)I (t)

where N(t) = I (t) + R(t).

̂β(t)s(t) =

∑
K ( t−ti

h )dN(ti )I (ti )∑
K ( t−ti

h )I 2(ti )

γ̂(t) =

∑
K ( t−ti

h )dR(ti )I (ti )∑
K ( t−ti

h )I 2(ti )
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Inference for vSIR

β̂(t) = ̂β(t)− γ(t) + γ̂(t)

SEβ(t) = {V̂ar( ̂β(t)− γ(t)) + V̂ar(γ̂(t))}1/2 + Ĉov( ̂β(t), γ̂(t))

95% CI for β(t): (β̂(t)− 1.96SEβ(t), β̂(t) + 1.96SEβ(t))
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Reproduction Numbers (RN): R0 and Rt

Basic RN R0 and Effective Rt for t > 0

For SIR and SEIR:
R0 = β/γ = βD, D = 1/γ is infectious duration.

For vSIR and vSEIR: R0 = β(0)/γ(0), Rt = β(t)s(t)/γ(t).

If Rt > 1(< 1), the epidemic grows (shrinks).

Rt – the driving force of the dynamic !
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vSIR Epidemic Progression and Rt

I (t) – Infection loading at t. β̃t = β̃(t) = β(t)s(t)

In expectation,
I (1) = (1− γ0 + β̃0)I (0) >
I (0)

iff 1− γ0 + β̃0 > 1 iff
R0 = β̃0/γ0 > 1.

Similarly, I (2) > I (1) iff
R1 = β̃1/γ1 > 1.

{Rt} track an epidemic
being expanding or
shrinking.
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vSEIR Epidemic Progression and Determining Role of Rt

E (t) + I (t) – Disease loading at t.

In expectation,
E(1) = (1−α0)E(0)+β0I (0),
I (1) = (1 − γ0)I (0) + α0E(0)

E(1) + I (1) = E(0) + I (0) +
(β0 − γ0)I (0) > E(0) + I (0)
iff R(0) = β0

γ0
> 1.

Similarly,
E(2) + I (2) > E(1) + I (1) iff
R(1) = β1

γ1
> 1.

Valid for any t !!
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Estimation of Rt

For SIR: R̂ = β̂/γ̂

For vSIR: R̂t = ˆ̃β(t)/γ̂(t).

However, R̂t is erratic at early stage due to γ(t) being small.

We use RD
t = β̂(t)D for D = 7, 10.5 and 14 days.

D–the AVE duration of infectiousness under three scenarios.

A smaller (larger) D for better (less) medical facilities and quicker
(slower) response and treatments.
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Two Parts of Infectious Duration D

D1: duration before diagnosed; D2: duration after diagnosed and
immediate hospitalization and thus quarantined.

D = D1 + D2

D1 accounts for infection before I to cover up a limitation of vSIR and
vSEIR models.

D2 should be short after being hospitalized, except in medically
overwhelmed locations.
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Empirical Information on D1 and D2

381 cases from Shenzhen Online, D2 = 14.85 (3.33) days.

100 cases from Shaoyang, D1 = 5.67 (3.86) and D2 = 10.12 (2.74).

The average incubation period from three studies ranged from 3.0 to
5.2 days; the median duration from onset to diagnosis was 4 days (Li
et al, 2020 and Guan et al, 2020).

The mean duration from onset to first medical visit and then to
hospitalization were 4.6 and 9.1 days, respectively (Li et al, 2020).
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Tracking RD
t for 30 Provinces in China

D = 10.5 (blue) and 14 (black). Red Lines I (t)

Jan 27th, AVE R14 was
6.14(1.49).

Feb 3rd , AVE R14

2.18(0.67), a 64.5%
reduction over the 7 days
since Jan 27.

Feb 10th, AVE R14 dropped
to 0.86(0.38), reflecting
that the measures,
including home quarantine
and travel ban between
different regions, have
taken effect.

Feb 17th, the mean R14

reached 0.23 (0.15).

The epidemic Lost POWER
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Three Weeks of COVID-19 Reproduction Numbers in
China

On Feb 10th, 5 provinces’ R were significantly above 1 , and 14 provinces were
significantly below 1 (at 5%).

On Feb 17th, all provinces’ R were significantly below 1 (at 5% significance level).
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Tracking RD in 15 Hubei Cities

On Jan 27, the 14-days R was 7.59(±2.38) on average for Hubei cities, indicating a
severe situation.

On Feb 3, the mean R14 dropped to 2.84(±0.59), a 62.6% reduction in the reproduction.

On Feb 10, the mean R14 declined to 1.23 (±0.55), reflecting that the measures,
including home quarantine and travel ban between different regions, have all taken effect.

On Feb 17, the mean R14 reached 0.37 (±0.24). The turning point for Hubei was
established.
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The Three Weeks in 15 Hubei Cities

On Feb 10th, 5 Hubei cities’ R14 were significantly above 1 (at 5% significance
level), and 2 cities’ R were significantly below 1.

On Feb 17th, all cities’ R14 were significantly below 1 (at 5% significance level).
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How to define the Turning point of an Epidemic ?

Mathematically, the first t that
Rt < 1. Due to random
fluctuations and errors in the
epidemic data, the arrival of the
turning point can be confirmed if

Rt is less than 1 at 5%
significance level for D/2 days

If D = 14, R14
t significantly

below 1 for 7 consecutive days.

Apr 3rd International Report
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Daily Brief Reports

Domestic from Feb 3rd, and International from Feb 25th.
www.songxichen.com

(a) Domestic Reports from Feb 3rd (b) Intl. Reports from Feb 26th
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Prediction

The overall trends of β(t) is decreasing, while the rate of deceasing
gets smaller as time travels. To model such trend, we consider to fit a
parametric regression

β(t) = βθ(t) =
b

tη − a
.

With the fitted β̃(t) and the observed
{
S(T ), I (T ),R(T )

}
at the

current time T as the initial values, numerical solutions of the ODE
system could be obtained.

We then generate Poisson increments conditionally to progress ...
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Bootstrap inference for prediction

The increments of S(t) and R(t) are regarded to follow Poisson
processes

−∆S(t) ∼ Poisson {β(t)s(t)I (t)} and ∆R(t) ∼ Poisson {γI (t)}

Generate Parametric bootstrap samples {(Sb(t), I b(t),Rb(t))}Tt=1 of
the original process for b = 1, 2, . . . ,B such that

Sb(1) = S(1), I b(1) = I (1), Rb(1) = R(1),

∆Sb(t) ∼ Poisson
{
β̂(t)Sb(t)I b(t)/N

}
,

∆Rb(t) ∼ Poisson
{
γ̂I b(t)

}
Sb(t + 1) = Sb(t)−∆Sb(t),

Rb(t + 1) = Rb(t) + ∆Rb(t),

I b(t + 1) = N − Sb(t + 1)− Rb(t + 1)

Use the bias corrected bootstrap estimates for β(t) and γ̂(t)
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The 95% Predicted Intervals for Peak, 14-day No New
Cases and Ending Time

Based on Feb 10th and Feb
27th data.

The average prediction error

for peaks were 2.1 days, 4.4

days for 14 days no new

cases, and 11 days for the

ending date, respectively.

The peak time (green region), first date of no new cases
for 14 consecutive days (red region) and the ending date
(blue region).
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vSEIdR Model: Allow Infection in Exposed State

Our current international assessment uses this model.

dS(t)

dt
= − {βE

t E (t) + βI
t I (t)}S(t)

M
,

dE (t)

dt
= {βE

t E (t) + βI
t I (t)}S(t)

M
− αE (t),

dI (t)

dt
= αE (t)− γt I (t),

dRr (t)

dt
= γr ,t I (t) and

dRd(t)

dt
= γd ,t I (t)

β̃E
t = βES(t)/M and β̃I

t = βIS(t)/M be the effective disease transmission
rates at time t.
γt = γd ,t + γr ,t is the total removal rate.
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vSEIdR Epidemic Progression and Role of Rt

E (t) + I (t) – Disease
loading at t.

Rt = βI
t s(t)
γt

+ βE
t s(t)
αt
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Two-Stage vSEIdR estimation

When I (t) is small, the infection is mainly caused by E (t). We can
estimate β(t)− α(t).

When I (t) is large and ∆I (t)/I (t) is small, the ratio k(t) between
E (t) and I (t) is relatively a constant function.

Regressing log{I (t)} on t, estimate ̂α(t)k(t)− γ(t) for
α(t)k(t)− γ(t).
Assuming α(t)is known,

k̂(t) = { ̂α(t)k(t)− γ(t) + γ̂(t)}/α(t)

is an estimate for k(t)
E (t) can be estimated as Ê (t) = k̂(t)I (t).
Applying local regression of log{Ê (t)} on t to estimate the slope θ̂(t).

β̂(t) = {θ̂(t) + α(t)} r k̂(t)

r k̂(t) + 1
.
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Effective Reproduction Numbers Rt for 24 Countries

The estimated effective
reproduction number Rt

curves (black) of the
countries since their start
dates of community
transmission (yellow
dashed vertical lines)
versus those of China (red)
and Korea (blue).

The blue dashed line
represents the critical
threshold level 1.
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Effective Reproduction Numbers Rt for 24 Countries

Blue lines – Rt

Red lines – I (t).

Purple line– Ê (t).
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Scenario Analysis

(a) Infected cases (b) Deaths

(c) Total infected cases (23 countries) (d) Total deaths (23 countries)

The observed numbers (red bar) of infected cases (a) and deaths (b) of the countries and the would-be ones under China (blue
bar) and Korea (light blue bar)’s scenarios implemented from Day 8 to April 10; and the observed (black) total numbers of
infected cases (c) and deaths (d) of the 23 countries excluding Korea and China and the would-be totals from Day 8 to Day 23
under China (red) and Korea (blue)’s scenarios. Day 23 is the shortest time range of the 23 countries from the start date to
April 10.
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Projected Death Tolls and Existing Infected Cases for US

Projected death tolls for US Projected existing infected cases for US

Projected death tolls and existing infected cases under the two Natural Designs of
respective countries, and Korea (blue) and Italy (red)’s recovery and death rates.
Natural Designs 1 and 2 impose a minimum level of 1/17.5 (light blue) and 1/28
(orange) on the recovery rate, respectively. The data used for the forecasting are up to
Apr. 20th.
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