Applied Probability Trust (20 December 2013)

NON-NORMAL SMALL JUMP APPROXIMATION OF INFINITELY DIVISI-
BLE DISTRIBUTIONS
ZHIYI CHL* University of Connecticut

Abstract

We study a type of non-Normal small jump approximation of infinitely
divisible distributions. By incorporating compound Poisson, Gamma,
and Normal distributions, the approximation has a higher order of
cumulant matching than its Normal counterpart, and hence in many
cases a higher rate of approximation error decay as the cut-off for jump
size tends to 0. The parameters of the approximation are easy to fix, and
its random sampling has the same order of computational complexity
as the Normal one. An error bound of the approximation in terms of
total variation distance is derived. Simulations show empirically the
non-Normal approximation can have significantly smaller error than its
Normal counterpart.
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1. Introduction

Simulation of infinitely divisible (i.d.) random variables has many applications. In most
cases, since exact simulation is either unavailable or computationally costly, good approxima-
tion methods are desired. The Normal approximation of i.d. distributions, which was studied in

@] and later developed in @} under the framework of small jump approximation, has received
much attention in the literature ﬂa, H—IE, H, @, @, , @ @

Let X be a real-valued i.d. random variable and A its Lévy measure. Without loss of
generality, we will always assume that X has no Normal component. The Normal (small
jump) approximation starts with the decomposition X = X, + A, given r > 0, where X,
and A, are independent and i.d. with Lévy measures A, (dz) = 1{|z| < r} A(dz) and A — A,
respectively. As A, is compound Poisson, its sampling is standard. The key is to approximate
X, by a Normal random variable with the same mean and variance @] Thus one can regard
the approximation as relying on second-order cumulant matching. By certain measure, the
error of the approximation is bounded by

Clkls,x, /0%, (1)

where C' is a universal constant, ox, the standard deviation of X,, and for j > 2, |k|; x, =
[ |z[P A (dz) @] Currently, the smallest available C' seems to be 0.4748 @] In symmetric
cases, since the third cumulants of X, and the Normal random variable are 0, the bound can
be more or less replaced with C|k|4 x, / 0‘)1@ ﬂ] The pattern of the bound suggests that, if X,
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and some Y, have the same cumulants of order 1, ..., ¢ — 1 with ¢ > 5, then X, might be
approximated by Y, with the error being bounded by

Cr)(Elg.x. + |klgy.) /0%,

where C'(r) is nearly constant, at least for small r, or most ideally is a small universal constant.
Since the ¢ cumulant of a Normal random variable is 0, the bound is consistent with the one
for the Normal approximation.

Even by rough Fourier analysis, there is good reason to expect the above bound to be true,
and elementary calculations indicate that in many cases it vanishes at a strictly higher rate
than the bound for the Normal approximation as r — 0. However, perhaps one need first ask
if an approximation based on higher-order cumulant matching can possibly be implemented
easily. The meaning of the question is twofold. First, the approximating distribution should be
easy to identify and preferably i.d. Second, the approximating distribution should be easy to
sample; preferably, the computational complexity of the sampling is of the same order as the
Normal approximation. If the answer to the question is positive, then another question is how
large ¢ can be. It can be anticipated that the larger ¢ is, the faster the error of approximation
vanishes as r — 0. If both questions are answered, then a wide range of available techniques
can potentially be adapted to establish error bounds.

Clearly, cumulant matching is equivalent to moment matching. In fact, our proof of the
above type of bound ultimately relies on moment matching. However, thanks to the Lévy-
Khintchine representation, it is much more convenient to work on cumulants than moments.
In Section 2 we present a simple way to construct approximating i.d. distributions with
matching cumulants up to at least the fourth order, i.e., ¢ > 5. In many important cases, we
get ¢ = 6, and in symmetric cases, ¢ = 10. Each approximating distribution is a convolution
of compound Poisson and Normal distributions, with the former made from Gamma variables.
Importantly, using standard algorithms ﬂﬂ, |2_l|], the computational complexity of sampling for
the approximation is universally bounded, and hence is of the same order as for the Normal
approximation.

We refer to the approximation as Poisson-Gamma-Normal (PGN) approximation, although
a term like “compound Poisson-Normal small jump approximation with Gamma summands
and higher order of cumulant matching” should be more accurate. In Section 22 we bound
its error in terms of total variation distance. The bound is non-asymptotic and of the desired
type. Section 23] gives some examples of the PGN approximation. The examples show that the
bound yields substantially higher rate of precision than the Normal approximation as r — 0.
However, they also indicate that the bound may be far from being optimal or even practically
useless. Therefore, in Section Bl we conduct large scale simulations to show that empirically,
the PGN approximation can have significantly smaller error than the Normal one.

In Section @ we prove the error bound by combining Fourier analysis, Lindeberg method,
and a device in @] Of course, on modern treatments of Poisson, compound Poisson, and
Normal approximations, there is now an extensive literature, and on Gamma and other types
of approximations, there is also a growing literature; see B, @, B, , , , , @] and references
therein. However, it appears that there has been little work on using convolutions of different
types of simple distributions to improve approximation. We remark that while this paper only
concerns the univariate case, accompanying results on the multivariate case have been reported
elsewhere; see @]

The rest of the section fixes notations and recalls basic facts. A Borel measure A on R is the
Lévy measure of an i.d. distribution <= A({0}) = 0 and [(u? A 1) A(du) < oo @, Theorem
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8.1]. Denote by sppt(A) the support of \. If X isi.d. with Lévy measure A\, denote by ¥ x ()
and 1y (t) = exp{—Ux(t)} = E[e!'] its characteristic exponent and characteristic function,
respectively, and

d7

RiX = 35 In E[e!¥]

.|kl x :/|u|j A(du), jeN,
t=0

and oy = n;/ )2( kj,x is known as the 4™ cumulant of X. It is well-defined if E[e!X] < oo

a >0, E[X]|* < co < [1{|u|>1}|u[* \(du) < ], Theorem 25.3 & Proposition
25.4). If sppt(A) is bounded, then E[e!X] < oo for all ¢ [32, Theorem 25.17]. Since X has no
Normal component, rjx = [u/ A(du), j > 1, and Var(X) = kg x. If in addition Wx(t) =
J(1 + itu — ™) A(du), then 1 x = EX = 0. If j is even or sppt(\) C Ry = [0,00),
then x; x = |k|jx. Denote the total variation distance of X and random variable Y by
dry(X,Y) = sup{|P{X € A} — P{Y € A}| : A measurable} and their Kolmogorov-Smirnov
(KS) distance by dgs(X,Y) = sup{|P{X <z} —P{Y <=z}|: 2z € R}.
Henceforth, we set X, such that

for all ¢ in a neighborhood of 0. We refer to |s|; x as the Eth absolute cumulant of X. For

Uy (1) = / (1 + itu — ) A, (du). 2)

Consequently, EX, = 0 and E| X, |’ < oo for all p > 0. Let Z ~ N(0, 1) be independent of A,.
Then A, and ox, Z+A, are known as the compound Poisson (CP) and Normal approximations
of X, respectively ﬂ] We refer to r as the cut-off for jump size for the approximations.

2. PGN approximation

2.1. Cumulant matching

In general, one can decompose X = X, — X_ + X, where X3 and X; are independent
and i.d., with the Lévy measures of X1 being supported on R, and X being symmetric, i.e.,
Xs ~ —X,. Indeed, the Lévy measure of X can be any symmetric Borel measure \g such
that for A C Ry, As(A4) < min(A(A), A(—A)), and the Lévy measures Ay of X are defined by
A+ (A) = MEA) — A\s(A). Although one can always set A = 0, as seen below, it is useful to
exploit Ag # 0.

Thus, without loss of generality, we will only consider the asymmetric case where sppt(\) C
R4 and the symmetric case. First, let sppt(\) C Ry. Given r > 0 and p > —1, let Y, be an
i.d. random variable independent of A, such that

Uy (t) = / (1 + itu — ™) y,.(du)  with v,(du) = m(r)uPe /") du, (3)
0

where m(r) > 0 and s(r) > 0 are constants to be determined. Then let
T, =Y, +o0(r)Z with Z ~ N(0,1) independent of (Y;,A,), (4)

where o(r) > 0 is a constant that also needs to be determined.

To use T, + A, to approximate X, first a comment on the sampling of 7)., which boils down to
that of V,.. Since Y; = U —EU, where U > 0 is i.d. with Lévy density m(r)1 {u > 0} uPe=%/5(")
and EU = I'(p+2)m(r)s(r)P*2, the sampling of Y, is reduced to that of U. If p = —1, then U ~
Gamma(m(r), s(r)), the Gamma distribution with shape parameter m(r) and scale parameter
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s(r), whose sampling has universally bounded complexity (ﬂl_AI], p. 407-420). If p > —1, then
U~ SN &, where N ~ Poisson(a) with a = JoZ m(ryuPe=/s") du = T(p + 1)m(r)s(r)P*,
and ¢&; are i.i.d. Gamma(p + 1, s(r)) random variables independent of N. The sampling of
Poisson(a) has universally bounded complexity (] or , p. 228-241). Then, because
conditional on N, U ~ Gamma(N (p + 1), s(r)), the sampling of U, and hence that of 7;., has
the same order of complexity as the sampling of N(0,1).

Due to its Lévy-Khintchine representation, we refer to 7, + A, as the PGN approximation
of X with cut-off . To match the cumulants of X, and 7., note that ET, = EY,. = 0 and
my, =L+ 1.)m(r)5(r)]+p+1’ Jj=2. (5)

kit = Ky, +1{j =2} o(r)>.

We next show two results. The first one allows » = oo and hence applies to any i.d. random
variable with finite 4" cumulant, subject to a mild constraint. However, it only attains 4'I-

order matching. The second result asserts that one can obtain 5'"-order cumulant matching
provided the existence of a slowly varying Lévy density at 0+.

Proposition 2.1. (Fourth-order cumulant matching.) Let 0 < r < 0o and 0 < k4 x, < 00.
Suppose A\, is not concentrated on a single point. Then

p+4  Kox, KaXx,

or all large p. 6
013 2 f ge p (6)
For any p > —1 satisfying @), if
K4.X R3,X
s(r)=——"—  m((r) = =T , 7
Dot omax, " T T ) "

and if Y, is defined by @), then kg x, > Kay,, and by setting

o(r) = (r2,x, — ray,) "/, (8)

Kj X, = kjT, for 2 < j < 4.
Remark. If A\(Ry) = oo, then for any r > 0, A, # 0 and is not concentrated on a single point.

Proof. Since A, is not concentrated on a single point and 0 < k4 x, < oo, by Hdlder
inequality, 0 < n?,)’ x, < K2,x.K4.x, < oo, which implies (@). From (H), by setting s(r) and m(r)
as in (M), xj x, = Ky y, for j = 3,4 and

K3,X, (p+4)K3 x,

Koy, = T(p+3)m(r)s(r)P™ =T(p + 3)F(p - )s(r) = 0T v,

Then for p > —1 satisfying (@), 2y, < k2,x,. The rest of the result is then clear.

Proposition 2.2. (Fifth-order cumulant matching.) Let A(du) = 1{u > 0} u~*"14(u) du,
with a € (0,2) and {(u) slowly varying at 0+. Let p = p(r) be defined by the equation

I K3Xx,.Ks5X,

= — 1.
2
p+4 K1X,

Then for all small r > 0, p > —1 and satisfies ([6). For any r > 0 with such p, set s(r), m(r)
by @) and o(r) by &). Then r;x, = kKjT,, 2 < j <5.
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Proof. For j > 3, as r — 04, kjx, = [y v/ 17 (u)du ~ r77(r)/(j — @) ﬂa, Theorem
1.5.11], so

1 (4-a® 1

~ 1= -
p+4 (B-a)(b—a) B—a)(b—a)
— pr~a®—8a+11 > —1.

As a result, for all small » > 0, p > —1. Furthermore, as

FexFax, (- 1
K3 x, 2—a)(4-a) a? —6a+ 8’

combining with the previous display, it is not hard to get (6). By Proposition 2] it only
remains to show given r > 0 such that p > —1 and satisfies (@), x5 x, = k5,y,. However, this
follows from K3,XTK57XT/’%421,XT =(p+5)/(p+4) = ’{37YTH5aYr/K‘421,YT’ where the second equality
is due to (@l).

Now consider the symmetric case. Let X = X — X@) where X® are i.i.d. with Lévy
measure A supported in R;. Let X, = Xﬁl) — X7§2) and approximate it by T, = T,fl) — TT(Q)7
where 7T, r(i) are i.i.d. defined in ({@]). Since all the odd-ordered cumulants of X, and T, are 0, it
suffices to match their even-ordered cumulants. The next result asserts that in general one can

match their cumulants up to the 7" order, and in some important cases up to the 9** order.

Proposition 2.3. (Symmetric case.) 1) Let 0 < r < 0o and 0 < kg x, < 00. Suppose A\, is
not concentrated on a single point. Then

(p+5)(p+6) < F2.X,K6.X,

or all large p. 9
b3+ d) = I 9 (9)
For any p > —1 satisfying @), if
H6,X K4,X
- o : = . : 10
() \/(p +5)(p+6)Kax, m(r) 21 (p + 5)s(r)Pt5 (10)

and Y, =Y,V — v, with v, i.i.d. defined by @), then kg x, > Koy, and by setting o(r) by
@), kjx, =rjr, for2<j<T.
2) Let \(du) = 1 {u > 0} u=* Y (u) du, with o € (0,2) and {(u) slowly varying at 0+. Then
for all small r > 0, there is a unique p = p(r) > 0 satisfying @) and
(p+7)(p+8)  Kix, KsXx,

(p+5)p+6) Kly (D)

Given r > 0 with such p, set s(r), m(r) by Q) and o(r) by @). Then kjx, = Kjr1,,2 <35 <9.

Proof. 1) By the assumption and Hoélder inequality, 0 < Iﬁi x, < K2.x,.K6x, < 00, so ([
holds for all large p. Since for even j, kjy, = 26, ) = 2T (5 +p+ )m(r)s(r)? TP+ it is easy
to see k4 x, = K4y, and ke x, = Ke,y,. On the other hand, for all odd j, x; x, = kjy, = 0.
Finally, by similar argument for Proposition 21} k2y, < K2 x,, leading to x;x, = k7, for
2<j <7



6 Z. Chi

2) Following the proof of Proposition 2.2 as r — 0+,

K4,X, K8, X, 6—-w)? 4 B
S vy Ty R Py R

The function h is strictly increasing on (0,2). On the other hand,

(P +7)(p+8) < 2 )( 2 )
SV DAY 7 T S (F S
9(p) (p+5)(p+6) p+5 p+6
is strictly decreasing on (—1,00), with g(0) > h(2) > h(a) > h(0) > 1 = g(oc0). Therefore,

there is a unique p > 0 satisfying (IIl). We have to show that for this p = p(r), (@) is satisfied
for all small » > 0. By continuity, it suffices to show that for p > 0,

(p+7)(p+8) (6—a)? (p+5)(p+6) _ (4—a)
(P+5)(p+6) (“-a)8-aq) P+3)p+4)  2-a)6-a)

By calculation, the equality is equivalent to 2p? = 2p(a? — 12a + 21) + 1302 — 156a + 356,
while the inequality is equivalent to 2p? > 2p(a? — 8a + 5) + 9a? — T2a + 84. Then, by p > 0
and 0 < a < 2, it is not hard to see the implication holds. The rest of the proof then follows
the proof for 1).

Propositions and immediately lead to the next result on i.d. distributions with
truncated stable Lévy measures. It should be pointed out that simple exact sampling methods
for stable distributions are well-known ﬂﬂ] and i.d. distributions with truncated stable Lévy
measures with o € (0, 1) can be sampled exactly but with high computational complexity ﬂ@]

Corollary 2.1. Let A\(du) = c1{0 <u < ro}u"*"tdu, where ¢ > 0, 0 < 19 < 00, and o €
(0,2).

1) Let X have Lévy measure \. If p = o — 8a + 11, then p > —1 and for all 0 < r < 7,
by setting (s(r),m(r)) by @), ko,x, > Kay,, and by setting o(r) by @), ~;x, = Kjr, for
2<j<5.

2) Let X = XU — X with X 4.i.d. with Lévy measure \. If p is the (unique) solution
to

(p+7)(p+8) (6 — )’

P06 d-—aE_a PO

then for all 0 < r < rg, by setting (s(r),m(r)) by (), k2 x, > Kay,, and by setting o(r) by
@), kjx, = Kj, for2<j<0O.

2.2. Error bound for PGN approximation

Denote Cy = (sin1)?/2 = 0.354... Observe that by |k|j41.x, < 7|xl;x,, j > 2, for s(r)
defined in (@) or ([IQ), s(r) < r/(p+ 3). The main result is the following.
Theorem 2.1. Fizr € (0,00) and ¢ > 5. Let T, be defined by Bl)—-H) in the asymmetric case,
or T, = Tr(l) — T,Q) in the symmetric case, where Tr(z) are i.i.d. defined by @B)-H). Suppose
s(ry<r/(p+3) and o(r) > 0. For j > 1, define

1/2
I'(j+1/2 ; * .
Q;(r) = (J+ /)+021+1/ 424 =2L(t,7) dt] ’
1

2oy
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where L(t,r) = t* min{Cokz, x, o(r)?/2}. Suppose kjx, = k;r, for 2 < j<gq. Then

lg.x, + | lg,y,
drv(X, T, + Ay) < | q’Xq,Uq‘ o [qQq—1(r) + Qq(r) + Qg+1(r)]. (12)
lo',
Remark.
1. The bound in ([I2) is on drv instead of the more commonly used dkg @, ] However, we

have not been able to derive a Berry-Esseen type of bound C(|slyx, + |#lgy,)/0% , with
C a universal constant only depending on ¢. It appears that some key ingredients for the
proof of the Berry-Esseen bound for the Normal approximation cannot hold for higher order
approximations. Also, as seen later, the bound sometimes is quite suboptimal.

. The bound will be proved by combining Fourier analysis, the Lindeberg method (cf. E}jor
D

a modern application of it), and a device in @] (cf. the proof of Theorem 25.18 in
Although a bound on dkxg may be established solely based on Fourier analysis ﬂﬂ], our
proof seems to be more transparent and suitable for generalization.

. As seen later, in order for the right hand side (RHS) of (I2)) to be finite, X, must have

a density, in particular, A(R) = oco. The last condition implies that X is not compound
Poisson and has no atom |32, Theorem 27.4]. It also excludes lattice distributions, to which
the Poisson-Charlier approximation applies B, @] Although the condition A\(R) = oo is
necessary for X to have a valid Normal small jump approximation, it is not sufficient, which
is a fact with several interesting and important implications @, E]

To evaluate the RHS of ([Z), we need to evaluate o(r)? and ||, y,. Both can be expressed

in terms of the cumulants of X,.. For the asymmetric case, the proof of Proposition [2.1] shows
K2y, = (p + 4)f€§,XT/[(p + 3)%47XT]. Then by (&),

(p+ 4)”%,)9

2
o\r =K — .
( ) ZaXr (p+ 3)/{4’){7,

Similarly, for the symmetric case, using (Bl and (I0),

(p+5)(p+6)r] x,
(p+3)(p+4)re.x,

o(r)? = kax, —

Furthermore, if £; x, = K;1,, for 2 < j < ¢, then |k|qy, can also be expressed in terms of the
absolute cumulants of X,.. In the asymmetric case, by (@),

Klg,y, = Kqy, = (@ +p)s(r)kg-1y, = (¢ +p)s(1)kg-1.x,-

Similarly, in the symmetric case, if ¢ is even, then

Klay, = kqy, = (@ +p)(a+p—1)s(r)*kg—2,y,
=(g+p)(g+p—1)s(r)’kg_2,x, .

In the bound (I2), the Q;(r)’s look rather technical. The next result gives their asymptotics

as r — 0+.

Proposition 2.4. Forb € (0,1) and q > 3, there is M = M (b,q) > 0, such that if

. R2)Y, . R2 X
limsup —— < b, liminf ——=—

> M 13
s—0 K2 X, s—0 52111(1/3) ’ ( )
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then for any 2 < j <q+1,

T(j +1/2)
QJ(T)Q = 2]6’(])'+1/2

+o(1), r—0.

Here is a short proof. By ([I3)), for small r > 0, 0(r)* = k2 x, — K2y, > (1 — b)ka x,. Then,
from the increasing monotonicity of kg x, in 7, there is a constant ¢ = ¢(b) > 0, such that
fort > 1/r, L(t,r) > ctQngxl/t. Consequently, if M > (¢ + 2)/c, then by ([3)), for t > 1/r,
L(t,r) > Mclnt > (¢+ 2)Int, and hence for all 2 < j < ¢+ 1,

/Oo t2e 2L qp < /OO lat)=2Me g = o(1), 7 — 0.
1/r 1/r

Since oy, = o(1) as r — 0, the proof is complete.

2.3. Examples

Example 2.1. (Truncated stable Lévy measure.) Let A(du) = c¢1{0 < u < ro} u=*" 1 du with
c>0,0<79<o0,and a € (0,2). By Corollary 21} given r € (0,70), if p = a® —8a + 11, and
s(r), m(r) and o(r) are set by [@)—(&), then x; x, = K1, for 2 < j < g = 6. To apply (12,
we need to know ks x,, f6,x,, and ke y,. For j > 2, k;x, = cr?~%/(j — ). Then

(r) = R4, X, _ (3 — 04)7“ _ r
p+4dr3x, +4HAd-a) (“A-a)b-a)
foo s — _TBY o R3x,  c4—a)5— a)r?=«
2T p+3)s(r) (p+3)s(r)  (3—a)(a? —8a+ 14)’

and kg y, = (6 +p)s(r)rsy, = (6+p)s(r)ks.x, = cA(a)r®~*, with A(a) = (a® —8a+17)/(4 —
a)(5 — a)?. Therefore, by Theorem 211

y 6Q5(r) + Qs(r) + Q7 (1)

i x (r®/e)?. (14)

—

1
V(X T 4 A < (2 0 |52+ Ala)]
Since 0 < Koy, /k2,x, < 1is a constant independent of r, and X satisfies Orey’s condition
liminfy_, k2 x, /8% > 0 (ﬂﬁ], also see @], Proposition 28.3), the conditions in (I3) are
satisfied no matter the value of M. Then by Proposition B4, drv(X, T, + A,) = O(r*®).

This may be compared to the Normal approximation in [, 124], where dkg between X and its
Normal approximation is O(r®/2?) when X is asymmetric. Specifically, by (),
C(2 —a)?/?

dxs(X,0x.Z + A,) < x (r*/e)V?, € =0.4748. (15)

(3—a)

Furthermore, if X = X1 — X® g symmetric, where X (@ are i.i.d. with Lévy measure A,
then by 2) of Corollary 2] it can be seen that we can set ¢ = 10 and get dpyv(X, T, + A,) =
O(r*®), whereas the dks between X and its Normal approximation in this case is O(r®) [1].

Although the bound in ([I4]) vanishes at a higher rate than the one in (IH]) as » — 0, the
asymptotic result says little about how the bounds compare if r is not too small. This is
especially the case when o < 1. In Fig. [[ for ¢ = 1 and rg = oo, the bounds are plotted as
functions of r. The bound in (I4)) is evaluated numerically; see Appendix for detail. As seen
from the plots, for @ = 1.5, the bound in (4] is smaller than the one in (I3 once r < 0.6,
whereas for @ = 0.3, this happens only if r < 2 x 1078, Therefore, (@) may provide little
evidence on whether the PGN approximation is better than the Normal approximation in
practice. To address this issue, we resort to numerical simulation in next section.
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FIGURE 1: The bounds in ([I4) and (&) as functions of r, for & = 0.3 and 1.5, respectively, with
A(dz) = 1{u > 0}u~*"!dx. The axes are plotted in logarithmic scale with base 10.
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Example 2.2. (Tempered stable.) Let A(du) = 1 {u > 0} u= ! exp(—u?) du, where o € (0, 2)
and 6 > 0. Then for j > 2,

0

i 1
KjaXr - / u]—Oé—l eXP(—ue) du = — / u(]_a)/e_le—u duw.
0 0 Jo

The last integral can be numerically evaluated as an incomplete Gamma function ﬂﬁ] How-
ever, it has no closed formulas. The following method can be used if one wants to avoid the
problem. Recall that for any odd n > 1, e > f,,(u) for u > 0, where f,,(u) = Y (—u)'/il.
Let n = 2|«a/(20)| + 1, which is the smallest odd number greater than «/6 — 1. Let F(u) =
1{0 <u < 7o} fn(u?), with ro = sup{r > 0 : f,(u) > 0 for all 0 < u < r%}. Decompose
A = A+ Ag, where A\i(du) = 1{u>0}u"* 'F(u)du. It is easy to evaluate [; u/Ai(du).
Then we can apply the PGN approximation to A;, with all parameters set in closed form.
Meanwhile, since = exp(—u?) — F(u)] = O(u"*D0=2=1) as 4 — 04, A has finite mass,
and hence corresponds to a compound Poisson random variable that can be sampled exactly. If
X, X', and X" denote i.d. random variables with Lévy measures A\, A1, and Ao, respectively, and
A, and T, the i.d. random variables from the PGN approximation to X', then by Proposition
22 dTv(X, T -+ A, + X”) < dTv(X,,TT + Ar) = O(TQO‘).

Example 2.3. Let A\(du) = ¢1{0 <u < 1}u'In(1/u)du. Since

" er?[21n(1/r
/< u2)\(du):c/0 uln(l/u) du = 21 (i/ )+1]7

by Proposition 2.1 in @], the Normal approximation is valid in the sense that its error in terms
of dks tends to 0 as » — 0. However, since for [t| > 1, L(t,r) = Cyt? fu<1/|t| u? \(du) ~
cCpln|t|, it can be seen that the RHS of (I2)) is finite only when c is large enough, and even
in that case the RHS of (I2) decreases to 0 very slowly as r — 0.
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3. A numerical study

As seen in Section 23] the bound ([I2]) sometimes is a poor indicator on the precision of
the PGN approximation in practice. To address this issue, we conducted a simulation study
to compare empirically the errors of the PGN and Normal approximations in terms of the KS
distance. We exclusively considered the approximations to stable distributions for two reasons.
First, besides Gamma distributions, they are the only class of non-Normal i.d. distributions
whose Lévy measures and distribution functions are both known (semi-)explicitly. Second,
unlike Gamma distributions, they have valid Normal approximations Nﬁ] The simulations
were implemented in R language E], with its stabledist package used for all computations
involving stable distributions.

The Lévy measure of a stable distribution with exponent a € (0,2) was parametrized as

Mdu) = [M41{u> 0} + M_1{u < 0}]Ju| "> du,
where M1 > 0 such that M := M, + M_ > 0. For simplicity, the stable distribution to be

approximated (“target distribution”) was centered in the sense that

Y [1 —isgn(t) SBtan(ma/2)] a #1
Ux(t) =
Yt [1 +isgn(t) (2/m)BInlt]  a=1,

where v > 0 and 8 € [—1, 1] (ﬂﬂ], p. 5). Then by HE], p. 568-570
eltt — 1 0<ax<l
Ux(t) = /(b(t, wA(du)  with ¢(t,u) = < €' — 1 — itu l<a<?2
e —1 —itsinu a=1
and

7= 2T (o + 1) sin(mer/2) ’
Given r > 0, Example [Z1] provides all the parameters for the PGN and Normal approxi-

mations to X,.. The PGN approximation was sampled according to the description following
Eq. ). On the other hand, A, was sampled by the representation

B=(My—M_)/M.

N
Ay ~d(r)+r Z aU; e,
i=1

where d(r) is a constant and N, ¢ € {£1}, U; ~ Unif(0,1), ¢« = 1,2,... are mutually
independent, with N being Poisson distributed with mean f‘u|>r)\(du) = Mo 'Y~ and
P{e; =1} = M, /M. To determine d(r), use Vx(t) = ¥y, (t) + ¥a,(t). It follows that

id(r)t = / St WA (du) — /_ " (et 1~ itu)A\(du) — /| @),
giving d(r) = (My — M_)dy(r), where

rl=/(1 - ) a#1,
dolr) = /00 u?(ul {u <7} —sinu)du a=1.
0
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As in last section, M_ =0 or M_ = M. Equivalently, 5 = 1 or # = 0. The simulations
became quite numerically unstable for small «, so we started with a = 0.2. Also, for a = 1.0,
the R routines provided by stabledist package appeared to become numerically unstable in
the asymmetric case but showed no serious problems in the symmetric case. Therefore, in
the simulations for the asymmetric case, we chose a = 1.01 instead of a = 1.0, while for the
symmetric case, we chose o = 1.0. With this exception, we let a range from 0.2 to 1.8 at step
size 0.2.

TABLE 1: Errors of approximations in terms of KS distance from the target distribution at cut-off
r=05.

B=1(0), M, =1

(0% r PGN dKS Norm dKS CP dKS

0.2 5(5) 3.84e-02(8.71e-04)  3.99e-02(8.72e-04)  5.72e-02(9.34e-04)
0.3 5(5) 2.82e-03(8.31e-04)  8.75e-03(8.53e-04)  7.00e-02(8.49¢-03)
0.4 5(5) 5.14e-03(8.39¢-04)  2.08¢-02(1.64e-03)  1.50e-01(3.63¢-02)
0.5 5(5) 7.45e-03(8.44e-04)  3.33e-02(3.54e-03)  2.35e-01(8.36e-02)
0.6 5(5) 8.96e-03(8.66e-04)  4.47e-02(6.13e-03)  3.05e-01(1.41e-01)
0.8 5(5) 9.60e-03(9.23¢-04)  6.14e-02(1.16e-02)  4.10e-01(2.51e-01)
1* 5(5) 7.79e-03(9.22¢-04)  6.88e-02(1.54e-02)  4.75e-01(3.35e-01)
1.2 5(5) 5.26e-03(8.72¢-04)  6.72e-02(1.61e-02)  5.10e-01(3.93¢-01)
1.4 5(5) 2.87¢-03(8.22¢-04)  5.79¢-02(1.38¢-02)  5.20e-01(4.30e-01)
1.5 5(5) 2.02¢-03(8.32e-04)  5.05e-02(1.17e-02)  5.20e-01(4.44e-01)
1.6 5(5) 1.42¢-03(8.38¢-04)  4.15¢-02(9.19¢-03)  5.15¢-01(4.55¢-01)
1.8 5(5) 8.74e-04(8.23e-04)  1.98e-02(3.70e-03)  5.00e-01(4.70e-01)
« P-N sz Ratio CLO.QQ(RP_N) N-C dKS Ratio CLO.gg(RN_C)

0.2 9.62e-01(9.99e-01
0.3 3.23e-01(9.77e-01

9.63e-01(1.00e+00)  6.97e-01(9.42¢-01
3.25e-01(9.80e-01)  1.25e-01(1.01e-01

6.98e-01(9.47e-01
1.25e-01(1.03e-01

) ) )

( ) ( ( ) ( )

0.4 247e-01(5.10e-01)  2.47e-01(5.16e-01)  1.39e-01(4.52¢-02)  1.39e-01(4.56e-02)
0.6 2.00e-01(1.41e-01)  2.01e-01(1.42c-01)  1.47¢-01(4.36c-02)  1.47c-01(4.37¢-02)
0.8 1.56e-01(7.92¢-02)  1.57¢-01(8.03¢-02)  1.50e-01(4.64¢-02)  1.50e-01(4.65¢-02)
1* 1.13e-01(6.00e-02)  1.14e-01(6.086-02)  1.45e-01(4.58¢-02)  1.45e-01(4.59¢-02)
1.2 7.83e-02(5.41e-02)  7.86e-02(5.49¢-02)  1.32e-01(4.10e-02)  1.32¢-01(4.11e-02)
1.4 4.96-02(5.95¢-02)  4.99¢-02(6.04e-02)  1.11e-01(3.21e-02)  1.11e-01(3.22¢-02)
1.5 4.01e-02(7.11e-02)  4.04e-02(7.21e-02)  9.71e-02(2.64e-02)  9.72e-02(2.64e-02)
1.6 3.42c-02(9.13¢-02)  3.46¢-02(9.27¢-02)  8.06¢-02(2.02¢-02)  8.06¢-02(2.02¢-02)
1.8 4.42e-02(2.24e-01)  4.48¢-02(2.27e-01)  3.96e-02(7.88¢-03)  3.96e-02(7.91e-03)

*a=101for =1

For each value of o, at a given value of r, we sampled 10° triplets (7}, 0x, Z, A,). The paired
sums T, + A, and ox, Z + A, formed samples from the PGN and Normal approximations to
X, respectively. Meanwhile, A, formed a sample from the CP approximation of X. Denote
by ﬁPGN, ﬁNorm, and F\CP the corresponding empirical distributions. For 6 € (0,1), let xy be
the (unique) quantile of X such that P{X < zp} = 6. The empirical KS distance between the
PGN approximation and the target distribution was defined as ﬁPGN = maxy ]ﬁpGN(xg) — 0
with 6 € {i/200 : ¢ = 1,...,199}. Likewise, Dxorm and ﬁcp were calculated for the Normal
and CP approximations, respectively. This step was repeated 2,500 times. The resulting 2,500
triplets (ﬁpGN, Dnorm; Dcp) were used to estimate dxs(X, T, + A,), dxs(X,0x,Z + A,), and
dxs(X, A,), respectively, and their pairwise ratios. The focus here was the ratio of dgs(X, T} +
A,) to dxs(X,0x,Z + A,). However, to make sure that our implementation of the Normal
approximation was correct, we also estimated the ratio of dxs(X,0x,Z + A,) to dxs(X, A;).
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In the following, all errors are in terms of KS distance from target distribution.

Z. Chi

TABLE 2: Errors of approximations, with M, = 1 and r set so that the empirical KS distance between
the Normal approximation and the target distribution was roughly 1%.

B=1(0), My =1

« r PGN dkg Norm dikg CP dks

0.2 4.38¢+01(2.00e+03)  9.33¢-03(4.38¢-03)  9.78e-03(1.00e-02)  5.50e-02(5.61e-02)
0.4 2.34e+00(2.03e+01)  1.70e-03(2.03e-03)  9.55¢-03(9.70e-03)  9.00e-02(1.12e-01)
0.6 1.37¢+00(7.03¢+00)  8.55¢-04(1.12¢-03)  1.02e-02(1.03e-02)  1.40e-01(1.78¢-01)
0.8 1.12e4+00(4.69¢+00)  8.35¢-04(8.74e-04)  1.01e-02(1.05e-02)  1.80e-01(2.42e-01)
1*  1.07e+00(3.91e+00)  1.47e-03(8.37¢-04)  1.06e-02(1.01e-02)  2.25e-01(3.00e-01)
1.2 1.03e+00(3.71e+00)  8.21e-04(8.29¢-04)  9.83¢-03(9.67¢-03)  2.55¢-01(3.54¢-01)
1.4 1.12e4+00(4.10e+00)  8.24e-04(8.32e-04)  1.02e-02(9.86e-03)  3.10e-01(4.10e-01)
1.6 1.37e+00(5.08e+00)  8.24e-04(8.32¢-04)  1.00e-02(9.426-03)  3.75e-01(4.56e-01)
1.8 2.54¢400(9.38¢+00)  8.36¢-04(8.38¢-04)  1.01e-02(9.70e-03)  4.65¢-01(4.90e-01)
o P-N dKS Ratio CLo,gg(RP_N) N-C dKS Ratio CLo‘gg(RN_C)
0.2 9.54e-01(4.37¢-01)  1.05e+00(4.81e-01)  1.78e-01(1.78¢-01)  1.89e-01(1.87e-01)
0.4  1.78¢-01(2.09¢-01)  1.79¢-01(2.11e-01)  1.06e-01(8.69¢-02)  1.06e-01(8.70e-02)
0.6 8.41e-02(1.08¢-01)  8.52e-02(1.10e-01)  7.27e-02(5.78¢-02)  7.28e-02(5.79¢-02)
0.8  827¢-02(8.34¢-02)  8.39¢-02(8.46¢-02)  5.62¢-02(4.33¢-02)  5.63¢-02(4.33¢-02)
1* 1.39e-01(8.26e-02)  1.40e-01(8.38¢-02)  4.70e-02(3.38¢-02)  4.71e-02(3.38¢-02)
1.2 8.36e-02(8.58¢-02)  8.49¢-02(8.71e-02)  3.86e-02(2.73¢-02)  3.86e-02(2.74¢-02)
14 810e-02(8.44e-02)  8.22e-02(8.57e-02)  3.29e-02(2.40e-02)  3.29¢-02(2.41e-02)
1.6 8.25e-02(8.83e-02)  8.37e-02(8.96e-02)  2.67e-02(2.07e-02)  2.68e-02(2.07e-02)
1.8 8.31c-02(8.64¢-02)  8.44¢-02(8.77e-02)  2.17¢-02(1.98¢-02)  2.17¢-02(1.98¢-02)

*a=1.01for =1

We first compared the approximations with M, = 1 and the cut-off r fixed at 5. To
compare with Example 2], we included @ = 0.3 and 1.5 in the simulations. The results are
summarized in Table[Il The top panel of the table displays the sample means of ﬁpGN (“PGN
dks”), lA)Norm (“Norm dks”), and ﬁcp (“CP dkg”), respectively. The bottom panel of the table
displays lA)pGN / ﬁNorm (“P-N dks Ratio”), the upper 99% t-confidence limit of E[EPGN / lA)Norm]
(“CLo.g99(Rp-N)"), ﬁNorm /ﬁcp (“N-C dks Ratio”), and the upper 99% t-confidence limit of
E[ﬁNorm / ﬁcp] (“CLg.99(Rn.c)”), respectively. Since all of the standard errors are less than 1%
of the corresponding sample means, they are omitted for brevity. To compare the performances
of the approximations when the distribution is asymmetric (8 = 1), and when the distribution
is symmetric (8 = 0), the sample means under these two conditions are displayed in pair, with
the results under the symmetric condition put between parentheses. The table shows that,
generally speaking, except for small «, the error of the PGN approximation is significantly
smaller than that of the Normal approximation. For example, in the asymmetric case, for
a = 0.3 and r = 5, the sample mean of ﬁpGN is about 1/3 of that of ﬁNorm- This may be
compared with Figure [Il which shows that the bound in ([Id]) for the PGN approximation is
smaller than the one in (3] for the Normal approximation only if r is extremely small. The
results for o = 1.5 in the table can also be compared with Figure [l This indicates that the
bound in (4] is quite conservative.

Table [I] also confirms that the Normal approximation has significantly smaller error than
the CP approximation. In fact, from the confidence limits shown in the table, the ratio of
reduction of error by the Normal approximation as compared to the CP approximation is
greater than that by the PGN approximation as compared to the Normal approximation.
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Also, the bound in (I&]) for the Normal approximation is quite conservative as compared to
the numerical results. For example, in the asymmetric case, for @ = 0.8, the sample mean of
lA)Norm is about .06, whereas the bound in ([I3]) gives .54. In the other sets of simulations, the
greater ratio of reduction of error by the Normal approximation and the conservativeness of
the bound in ([I3]) were observed as well.

TABLE 3: Errors of approximations, with M, = 0.1 and r set so that the empirical KS distance between
the Normal approximation and the target distribution was roughly 1%, or as low as possible if this could
not be attained numerically.

B=1(0), My =0.1

@ r PGN dks Norm dksg CP dks

0.2 2.44e-01(1.71e-01)  1.47e-01(2.38¢-02) 1.73e-01(3.19¢-02)  3.70e-01(1.45¢-01)
04  2.29e-02(6.71e-02)  1.26e-02(2.37e-03)  3.12e-02(1.00e-02)  1.86e-01(1.17e-01)
0.6  2.90e-02(1.46e-01)  8.51e-04(1.08e-03)  9.95e-03(9.79e-03)  1.35e-01(1.74e-01)
0.8  6.10e-02(2.56e-01)  8.39e-04(8.71e-04)  9.56e-03(1.00e-02)  1.70e-01(2.38e-01)
1* 1.04e-01(3.91e-01)  1.47e-03(8.37e-04)  9.60e-03(1.01e-02)  2.15e-01(3.00e-01)
1.2 1.53e-01(5.37e-01)  8.35e-04(8.33e-04)  1.00e-02(9.42e-03)  2.55e-01(3.52¢-01)
1.4 2.20e-01(7.81e-01)  8.38e-04(8.26e-04) 1.04e-02(9.64e-03)  3.10e-01(4.09¢-01)
1.6 3.17e-01(1.27e4+00) 8.28e-04(8.28e-04) 9.75e-03(1.03e-02)  3.70e-01(4.59¢-01)
1.8 6.84e-01(2.73e4+00) 8.33e-04(8.29e-04)  9.74e-03(1.04e-02)  4.60e-01(4.91e-01)
« P-N dKS Ratio CLo.gg(RP_N) N-C dKS Ratio CLO.QQ(RN_C)
0.2 8.53e-01(7.32e-01)  8.54e-01(7.39e-01)  4.66e-01(2.19e-01)  4.66e-01(2.20e-01)
0.4 3.60e-01(2.39e-01)  3.69e-01(2.43e-01) 1.66e-01(8.59¢-02)  1.68e-01(8.62¢-02)
0.6 8.56e-02(1.10e-01)  8.67e-02(1.11e-01) 7.37e-02(5.63e-02)  7.38e-02(5.64e-02)
0.8  8.79e-02(8.69¢-02)  8.92e-02(8.82e-02)  5.62e-02(4.20e-02)  5.63e-02(4.21e-02)
1*  1.53e-01(8.26e-02)  1.54e-01(8.38¢-02)  4.47¢-02(3.38¢-02)  4.47e-02(3.38¢-02)
1.2 8.35¢-02(8.84¢-02)  8.47¢-02(8.97¢-02)  3.93e-02(2.68¢-02)  3.94e-02(2.68¢-02)
1.4 8.07e-02(8.58e-02)  8.19¢-02(8.71e-02)  3.36e-02(2.36e-02)  3.36e-02(2.36e-02)
1.6 8.51e-02(8.07e-02)  8.64e-02(8.19e-02)  2.64e-02(2.24e-02)  2.64e-02(2.24e-02)
1.8 8.58e-02(8.01e-02)  8.70e-02(8.13¢-02)  2.12e-02(2.11e-02)  2.12e-02(2.11e-02)

*a=1.01for =1

At cut-off » = 5, the error of the Normal approximation varies with «. One question is
how the PGN compares to the Normal approximation when the error of the latter is fixed at
a specified level. In the second set of simulations, we let r vary according to «, such that
the empirical KS distance between the Normal approximation and the target distribution was
roughly 1%. The value of r was selected as follows. For each r, ten values of ﬁNorm were
sampled each based on 10° observations from the Normal approximation at cut-off . Starting
with a large r, we reduced r by half if the average of the ten sample values of ﬁNorm was
greater 1.05%. We kept doing this until the average was within (0.95%,1.05%) or was less
than 0.95%. In the former case r was selected. In the latter case we got two values of r, one
giving an average greater than 1.05%, the other giving an average smaller than 0.95%. Then a
bisection search was used to get a value of r with the corresponding average of ﬁNorm within
(0.95%,1.05%).

After a value of r was selected, the simulations preceded as the ones for Table [l The
results are summarized in Table Bl which also reports the selected values of r. The mean
values of ﬁNorm realized by the simulations are included to make sure the values of r were
selected appropriately. In general, the mean value of ﬁNorm fell into the interval (0.95%, 1.05%).
However, due to random fluctuations, the mean value could fall outside of (0.95%, 1.05%), even
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though during the selection of 7, the average of the ten sampled values of ﬁNorm fell into the
interval. Similar to Table [I] except for small values of «, the error of the PGN approximation
is significantly smaller than that of the Normal approximation.

In the above simulations, M; = 1. In the last set of simulations, we set M, = 0.1 to
see how the approximations performed. The results are summarized in Table Bl Again, we
attempted to set r so that the empirical KS distance between the Normal approximation and
the target distribution was roughly 1%. However, although theoretically the approximation
error vanishes as r — 0, in our simulations, the numerical precision of the approximation
deteriorated for small M, especially when o was small as well, and the minimum empirical
KS distance for the Normal approximation could be quite larger than 1%. In this case, we set
r so that the empirical KS distance was as small as possible. Table [3] shows that for o < 0.4,
the empirical KS distance for the Normal approximation sometimes could not reach 1%. When
this happened, the empirical KS distance for the PGN approximation did not reach 1% either.
Since in our simulation, each pair (7, + A,,0x,.Z + A,) shared the same sampled value of
A,, this suggests that the deterioration of the numerical precision might be largely due to
the error in A,. However, a thorough solution to the issue is beyond the scope of the article.
On the other hand, regardless of this issue, Table ] again shows that the error of the PGN
approximation can be significantly smaller than that of the Normal approximation.

4. Technical details

4.1. Proof of Theorem [2.7]

Denote by . the space of smooth and rapidly decreasing functions on R. It is classical that
the Fourier transform h — h(t) = [ e™h(x)dx is an homeomorphism of . onto itself ( @],
p. 103). Let fx be the probability density of X. If it exists, then ¥ x = fx. Let

/oo tQ(q—‘,—l)e—QL(t,T) dt < oo. (16)
0

Otherwise, Qq+1 = oo and ([I2)) is trivial. We need two lemmas. Note that the second one
does not require matching of cumulants.

Lemma 4.1. 1) Let £ be i.d. with We(t) = [(1+itu—e™) v(du) and E|§) < oo for all j > 1.
Given € > 0, let Z ~ N(0,€?) be independent of &. Then e,z € .. 2) Under condition (L8],
fx, € C4R), and for 0 < j <gq, )(‘gr)(x) — 0 as |z| — oo.

Lemma 4.2. Let T, be defined as in Theorem [21 with s(r) < 1/(p+ 3) and o(r) > 0. Fiz

€>0. Given A, B> 0 with A+B = 1, let W be i.d. with Uy (t) = AV x, (t)+BVYr, (t)4€212/2.
Let £ = W/v, where v = \/A@,XT + Bkar,. Then fe € 7 and for j > 1,

S @I o <L) + 1)+ (14 A (o),

where for j >0,

) = 2

1/2
I'(j+1/2) /Oo 2j —2H(t,r)
2D(r)2i+1 N l/rt ‘ e

with D(r) = \/2ACor x, + B(Cokay, + 0(r)?) and

242
H(t,r) = ACot? / W2 A(du) + B0
u<1/|t] 2
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Assume the lemmas are true for now. Since dpv (X, T, + A,) = dpy(X, + A, T + A) <
drv(Xy,T;), to show Theorem 2] it suffices to show that for any measurable A C R,

M
o(A) < E(!Fé!q,xT +|%lgy,) (17)

where o(A) = [P{X, € A} — P{T, € A}| and M = U;(Z[Qqul(r) + Qq(r) + Qg+1(r)].

We start with smoothing X, and T, while maintaining the same order of cumulant matching.
Let Z, Z' be ii.d. ~ N(0,1) and independent of (X,,T,). Fix e > 0. Let h be a measurable
function with ||h||cc < 1. The goal now is to bound

A, =EWX, +€Z) — h(T, + €Z")].
Forn >2,let U; =U;, and V; =V}, 1,5 =1,...,n+ 1, be independent and i.d. with
Uy, (t) = n" " Ux,pez(t), Wy () =n"'Ug, 1z (t).

Fork=1,...,n+1, let

Wi= > Vi+ > Uy glx)=Eh(Wy+a).
1<j<k k<j<n+1

Since X, + €Z ~ Wy and T, + €Z' ~ W41, then A, = ¢1(0) — gn+1(0), giving

Al < [Elg1(U1) = gnt1(Var )l + [Elg1(U1) = 91(0)]] + [Elgn+1(Vas1) = gna(0)]]. - (18)

We bound the expectations on the RHS separately. By Wy, + Vi, = Wii1 + Uk,

n+1
h(Wi + Ur) = BM(Wagr + Vaga) = Y _[W(Wi + Up) = h(W + Vi)
k=1

For each k, since Wy, Uy, and V) are independent, by conditioning, Eh(W}, + Uy) = Egi(Uy)
and Eh(W}, 4+ Vi) = Egr(Vi). Then taking expectation on both sides of the displayed identity
yields

n+1

E[g1(U1) = gn1 (V1)) = D Elgr(Ur) = gu(Vi)l. (19)
k=1

Denote v = ox,. Let { = W), /v. By Lemma Ll fe, € 7. As a result,

au(e) = E[b(v&s +2)] = [ () ey (u = /) du (20)
is smooth. By Taylor expansion around 0,
& gl(cj)(o) j j (a) q (q) q
91 (Us) — gk (Vi) = (Up = Vi) + [ OUR)UR)UY — g5 (0(Vi) Vi) Vi,

ol
<! q!

<.
Il
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where 6(z) € [0,1]. By assumption, x;x, = 1, for 1 < j < q. Since kjuy, = n"'Kj x, 4z =
n~Ykjx, +€21{j = 2}), and likewise r;y, = n (kj1, + €1 {j = 2}), then r;py, = kjy, for
1 <j<gq. Asaresult, EU] = EV} for 1 <j < ¢ and hence

Elga(Ur) — g (Vi)] = ;E[g,i‘” BT — g (B(Vi) Vi)V,

()
— (Bl 0) — e < L2 12 mjo 0+ B (21)

Since by (20) we have g,gq) () = (—v)71 fh(l/u)féz) (u—z/v)du, then

Hgl(gq)Hoo <v1 / \féz)(u)| du < oo. (22)

By \Ika(w = (k - 1)\1/‘/1 (t) + (TL +1- k)lIIU1 (t)7

n+1—k E—1 242
Ui (1) = ———— U, (1) + ——— U7, (1) + —

Then we can apply Lemma B2 with v? = ky x, = ka1, A= (n+1—k)/nand B=(k—1)/n
therein. By definition of D(r) and H(t,r) in Lemma 2]

D(T’)2 = 2AC()I/2 + B(C()KJQ,YT + 0’(7“)2) > COV2

and

B 242
H(t,r) = AC’OtQ/ w? A(du) + Bo(r)t?
u<1/|t| 2

> (A + B)t* min {C’g/ u? A(du), 0(7“)2/2} = L(t,r).

<1/t
By definition of Q;(r) in Theorem 2] and definition of I;(r) in Lemmal2] I;(r) < Q;(r). By
condition ([IG), Q;(r) < oo for 0 < j < ¢+ 1. Thus (22) and Lemma B2 give

197 10 < 7 [4Qq-1(r) + Qq(r) + (14 €/1*)Qqe1 ()] = Me < o0.
Since M is independent of k, by (I9) and (21),

Me n+1
[Eg1(U1) — Egnt1(Vas1)| < o > (B|UK|T + E|Vi|7).
T k=1

Since the Lévy measure of X, has bounded support, E| X, + ¢Z]? < co. Meanwhile, from ({l),
E|Y, + €Z|? < co. Then by Lemma 3.1 in @],

n+1 n+1
ZE‘Uk‘q — |H|Q7XT+€Z = |K‘|QaXT7 ZE|Vk|q — |K’|Q7TT+EZ/ = |H|Q7Yr'
k=1 k=1

Thus, for the first term on the RHS of (I8,

. M,
lim sup [Egy (U1) — Egnt1(Vay1)| < qff(\/f\q,xr +[klg,y,)- (23)

n—oo
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To bound the other terms on the RHS of ([I§), first note |E[g1(U1) — 91(0)]| < ||¢] lccE|U]-
As in 22), ||g}]lcc < 00. Since ¢1(z) = Eh(X, + €Z + ), ||¢}]|c is independent of n. On
the other hand, by EU; = 0 and Cauchy-Schwartz inequality, E|U;| < oy, = ox,+e2/v/n, SO
E[g1(U1) — ¢1(0)] — 0 as n — oo. Likewise, E[gn+1(Viit1) — gn+1(0)] — 0. Together with (I8])
and (23), this implies

M,
|[EW(X, + €Z) — BR(T; + eZ')| < j(!ﬁ!q,xr + |Klgy.)-

Let G be the union of a finite number of (a;,b;) and h(z) = 1{z € G}. By 2) of Lemma
A1 P{X, = a; or b;, some i} = 0. Let ¢ = 0. Then h(X, +€Z) — h(X,) — 0 a.s. On the
other hand, since T, is the sum of Y, and an independent non-zero Normal random variable,
by 1) of Lemma [Tl fr, € .. As a result, h(T, + €Z') — h(T;) — 0 a.s. Finally, M. — M.
Then by dominated convergence, (I) holds for G.

Let A be measurable. Given ¢ > 0, fix R > 0 such that P{|X,| > R} + P{|T,| > R} < 4.
Let B=AN(—R,R). Then o(A) < o(B)+4¢. There is an open G D B such that ¢/(G\ B) < ¢,
where ¢ is the Lebesgue measure. G is the union of at most countably many disjoint open
intervals (a;, b;). Let Gy, = U¥_,(a;,b;). Then o(B) < o(Gy) + P{X, € BAGy} + P{T, €
BAGy}. From last paragraph, (IT) holds for Gi. Next, BAG, C (G\ Gk) U (G \ B), and
P{X, € G\ B} < |/ fx,|lco?(G \ B) and a similar inequality holds for 7,. Then

M
o(B) < a(l/’vlq,xr +rlgy,) + P{Xr € G\ Gi} + P{T; € G\ Gi} + ([[fx, lloo + 1 [[o0)d-

By Lemma Tl || fx, |loo + || f1,]lc < 0. Letting k — oo and then § — 0, it is seen () holds
for A.

4.2. Proofs of Lemmas [4.1] and

We need an elementary result for the proofs.
Lemma 4.3. 1) 1 —cosz > Coz? for |z| < 1. 2) infy=g ﬁ JouPte " du = 1/2.

Proof. 1) For z € [0, 1], since sin x is concave, sinz > x sin 1, giving 1—cos x = 2[sin(x/2)]?
2[(z/2)sin1]? = Cyx?. For x € [—1,0], the proof follows from symmetry.

2) The inequality can be written as inf,~oP{{, < p} = 1/2, where §, ~ Gammal(p,1).
By Central Limit Theorem, P{{, < p} — 1/2 as p — oo. Therefore, it suffices to show
that for every p > 0, P{{, < p} > 1/2, or equivalently, fé’ uP~te % du > fpoo uP~le " du.
Applying change of variable u <— pu to the first integral and u < p/u to the second one, the
inequality is equivalent to fol u P [uPeP% — =P/ dy > 0, which holds if for all u € (0, 1),
uPe P > e7P/% or equivalently, 21Inu+ 1 Ju—u > 0. The last inequality follows directly from
calculus.

Proof of Lemma[{-1. 1) From the assumption, [ |u[? A(du) < oo for all j > 2. Then by dom-
inated convergence, ¥¢ € C*°(R) with \Ifé])(t) = [(1{j =1} — ™) (iu)? v(du) for j > 1. By
11— €] < |z for z € R, [Wy(t)| < raelt] Clearly, [UF)(1)] < |l;¢ for j > 2. Since v, z(t) =
exp(~We(t) — 42/2), then for j > 0, ¥, (1) = P(W4(0).... w9 (0). 1) ve(t) exp(~e42/2),
where Pj( ) is a multivariate polynomial in z = (z,.. zj+1) of order j. It follows that

w(j) )| = O(|t|7e=<**/2) and hence for any p > 0, [t|P 1/1 — 0 as |t| — oo, which yields
&+7 erz(t
the proof.
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2) For |t| > 1/r,

(1 — costu) A(du) > / (1 — costu) A(du).

|ul <1/]¢]

Rel, ()] = |

Ju|<r

Then by Lemma 3] 1 — costu > Cot*u? for 0 < u < 1/[t| and hence
Re[Vx, ()] > Cot2/ u? M(du) > L(t,r).
u<1/t]

On the other hand, by Cauchy-Schwartz inequality,

ar \ V2 b ) 1/2
Afgl/vﬂ't'qm(t”dtg </1+t2> </t|21/7~(1+t Jx, (0] df

1/2

Then by (8], |t|9]x, (t)] € L'(R) and the proof follows from Proposition 28.1 of @]

To prove Lemma 2] we need a type of inequalities known in the literature (cf. M], Lemma

~

11.6). Since the expression of (f )(j ) becomes complicated rapidly as j increases, the following
specific form is used to reduce the maximum order of derivative involved.

Lemma 4.4. Let f € . and ¢ = ]? Then for j > 1,

1/2 1/2 1/2
G) i . 9 . i—1 2 il 2
/\fjlsﬂ[(/\tw(t)! at) i frwwra) o+ ([lvopa) ]
Proof. By Cauchy-Schwartz and Minkowski inequalities,
1/2 1/2
s (f ) (o)
1/2 1/2
gﬁ[(/ !f(j)(x)\2d$> +(/ |:cf<f><x>|2dar) ]

Then by Plancherel theorem and the fact that the Fourier transforms of f)(x) and 7 f(z)
are (—it)74p(t) and (—i)7p9)(t), respectively (@], p. 100-102),

Juon< 2 [( JZORY - ([1eveea) 1/2] .

The proof is complete by applying Minkowski inequality to the last integral.

Proof of Lemma[{.3 We only consider the case where sppt(A\) C Ry. The proof for the
symmetric case is similar. For brevity, write f = f¢, ¥ = 9¢, and ¥ = ¥,. By Lemma 1] f,
Y € .. Write M = €2 + Bo(r)%. Then

2

Re[¥(t)] = Re[¥w (t/v)] = /(1 — costu/v)[AN-(du) + By, (du)] + o
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If |t| < v/r, then |tu|/v < 1 for 0 < u < 7, so by Lemma EE3 1 — costu/v > Cot*u?/v?.
Consequently,

Cot? [T Mt?
U(t)] > AN, By, -3
Relw(1)] > <0 /Ou[ Ar(cu) + B (du)] + 5
A 2 B P32 pr/s) Mt?
- COH?XT + Com(r)j(r) / wte ™ du+
v v 0 2v

Since s(r) < r/(p + 3), by 2) of Lemma B3]
r/s(r) p+3
/ uPT?e™" du > / uPT2e ™ du > T'(p + 3)/2.
0 0

Then by T'(p + 3)m(r)s(r)P*® = kay,,
- ACoka x, t* N BCom(r)s(r)PT3T (p + 3)t2 N Mt?

U(t
Re[¥(?)] 2 v? 202 202
AC()HQ Xrt2 BCOK/Q yrt2 BO‘(T)2t2 D(T)2t2
> ) ) + — .
- v? 202 202 202
If |t| > v/r, then r > v/|t| and
AC,t? Bo(r)?t?

Re[¥(?)] >

2
uwN(du) + ——=— = H(t/v, 7).
Z /u<1//|t| 2v?
Therefore, for 7 > 0,

/\tji/J(t)]th— 2/0 12 e 2RelV ] gy

2 / " {21 g=D?E /02 gy 4 o / " a2 /) g
0 v/r

IN

< 2/00 tQjC_D(T)QtQ/VQ dt + 2]/2]—‘,—1 /Oo t2j6—2H(t,7‘) dt
N 0 1/r
2j+1F : 1/2 . 0
v (j+1/2) 4 21/2”1/ 121 —2H(tT) qp — QIj(r)Q. (24)
1/r

D(r)%+1

Next, ¢/(t) = =W/ (t)(t), with W'(t) = (i/v) [(1 — ™/)u[AN.(du) + By, (du)] + Mt/v?. By
|1 — €| < |z| for all z € R,

WO < 2 [0 (AN @) + Brnldu)] + 1

_ Argx,t n Bk y,t n (€2 + Bo(r)?)t

V2 V2 V2
_ U, ;B@?TT)t + E;t = (1+ /).
As a result,
[1ew@pa = [1ow@oPa
< (14€/v?)? / 7 ()P dt < 2(1 4 € /v2)? L (r)?, (25)

The proof is complete by combining Lemma [£4] (24]) and (25]).
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Appendix A.

To evaluate the RHS of (I4), we need to evaluate Q;(r), j = 5,6,7, which involves
the integral of t2e 2L(t7) oyer t e [1/r, Oﬁﬂ To get good numerical precision, one way is
]

to employ incomplete Gamma functions

For A(du) = c1{u>0}u"*"'du, Ko X, =

Jo u*A(du) = ¢ fjur"*du = ¢s* /(2 — a), s > 0. Then it is not hard to get 2L(¢,r) =
min{At?, B|t|*}, where A = o(r)? and B = 2¢Cy/(2 — ). Let tg = (B/A)Y/(=®). Then
2L(t,r) = At?1{|t| < to} + Blt|*1 {|t| > to}, and hence, letting t; = max{1/r,to},

) t1 )
/ 21 e=2L(br) gt = / 12— A qp 4 / 2B qt
1/r 1/r t1

1 g j—1/2 — (2j4+1)/a—1_—
. J u J (0% u
= 9 J 1/2 //r2 w (& dU + (2] 1)/ /t? u (& d’LL

The integrals on the last line can be expressed as incomplete Gamma functions. For symmetric
Adu) = c1 {|u| > 0} |u| =~ du, the formula is the same, except that B = 4cCy/(2 — a).
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