
SUPPLEMENTAL MATERIALS

By Zhiyi Chi

In this note we collect proofs of the theoretical results stated in the
manuscript. For convenience of reference, all the equations and statements
that appear in the main text will be indexed as in there.

We will denote by Bern(p) the Bernoulli distribution with mean p, Bin(n,
p) the binomial distribution for n iid trials with success rate p, Unif(a, b) the
uniform distribution on (a, b), and Exp(c) the exponential distribution with
mean c. The distribution of a random variable X is denoted by L(X). The
total variation distance between two distributions µ and ν on Z is denoted
dTV(µ, ν) =

∑

k |µk − νk|.
Given unadjusted marginal p-values p1, . . . , pn, one for a different null

hypothesis, let pn:1 ≤ · · · ≤ pn:n be their order statistics. Set pn:0 = 0 and
pn:n+1 = 1. Given target FDR control level α ∈ (0, 1), the BH procedure
rejects all hypotheses with p-values ≤ pn:Rn , where

Rn = max

{

j ≥ 0 : pn:j ≤
αj

n

}

.(S-1)

As a result, R = Rn. The number of false rejections and power are

Vn = # {j ≤ n : pj ≤ pn:Rn , the jth null is true} , powern =
Rn − Vn

(n − N) ∨ 1
,

respectively.
The p-values are assumed to be sampled from a random effects model as

follows. Let the population fraction of false nulls among all the nulls be a
fixed π ∈ (0, 1). Then (p1, θ1), (p2, θ2), . . . are iid, such that

θj := 1 {the jth null is false} ∼ Bern(π)

Pr
{
pj ≤ u | θj = 0

}
= u, Pr

{
pj ≤ u | θj = 1

}
= G(u), u ∈ [0, 1].

Let η1, η2, . . .
iid∼ Unif(0, 1) be independent of p1, p2, . . . . Then under the

random effects model, θ1, θ2, . . . can be represented by

θj = 1 {ηj > ρ(pj)} , where ρ(x) =
1 − π

1 − π + πF ′(x)
.(S-2)

The following representation will be used repeatedly. Under the random
effects model,

ξ1 = F (p1), ξ2 = F (p2), . . .
iid∼ Unif(0, 1),(S-3)

and pj = F ∗(ξj), where F ∗(t) = inf{x : t ≤ F (x)} (cf. [5], pp5–8). Given
n ≥ 1, let ξn:1 < . . . < ξn:n be the order statistics of ξ1, . . . , ξn and ξn:0 = 0
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and ξn:n+1 = 1. Then pn:j = F ∗(ξn:j). Because F ∗(u) ≤ v if and only if
u ≤ F (v) for any u, v ∈ (0, 1), therefore,

Rn = max {j ≤ n : ξn:j ≤ zn:j} ,(S-4)

where henceforth we denote

zn:j = F (αj/n) .

Henceforth denote the uniform empirical distribution and its inverse by

Un(x) =
1

n

n∑

j=1

1 {ξj ≤ x} , U
∗
n(t) = inf{x : t ≤ Un(x)} .

We will also use Poisson representations for ξ1, ξ2, . . .. For this reason,

γ1, γ2, . . . will always denote a sequence of random variables
iid∼ Exp(1) inde-

pendent of p1, p2, . . ..
Henceforth for x > 1, denote log2x = log log x,

L(x) =
√

xlog2x, D(x) = L(x)/x =
√

log2x/x.

1. Proof of Theorem 2.1. Recall the theorem is stated as follows.

Theorem 2.1. Suppose α ∈ (0, α∗). Let c = αF ′(0). Then, as n → ∞,

Rn
d→ τ := max {j : Sj < 0} ,

the last time of excursion into (−∞, 0) by the random walk S0 = 0, Sj =
Sj−1 + γj − c, j ≥ 1, with γ1, γ2, . . . iid ∼ Exp(1) with density e−x, x > 0.
The distribution of τ is

Pr
{
τ = k

}
=

kk

k!
(1 − c)cke−kc, k = 0, 1, . . . .(2.5)

Consequently, the power of the BH procedure is of order Op(1/n). Further-
more,

pFDR → β∗(2.6)

and

∞∑

k=1

dTV (L(Vn |Rn = k), Bin(k, β∗) ) Pr
{
Rn = k

} → 0 ,(2.7)

where dTV(µ, ν) :=
∑

k |µk − νk| denotes the total variation distance of two
distributions µ and ν on Z, and L(Vn |Rn = k) the conditribution distribu-
tion of Vn.
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1.1. Proof of Eq. (2.5). From the conditions of Theorem 2.1, zn:j =
F (αj/n) < j/n. Recall ξj = F (pj). In order to prove (2.5), we need the
following two lemmas.

Lemma S-1. There is M = M(α/α∗) > 0, such that
∑

n Pr
{
Rn ≥

M log n
}

< ∞ and hence a.s., for n À 1, Rn ≤ M log n.

Lemma S-2. For n ≥ 1, define

ζn:j = (ξn:j − ξn:j−1)(γ1 + · · · + γn+1), j = 1, . . . , n.

Then ζn:1, . . . , ζn:n+1
iid∼ Exp(1), and ξn:j =

∑j
i=1 ζn:i

/∑n+1
i=1 ζn:i.

Proof of Theorem 2.1. Fix k ≥ 1. Given M > 0 as in Lemma S-1, let
an = bM log nc. From the definition of Rn and Lemma S-2,

{Rn < k} =
n⋂

j=k

{ξn:j > zn:j} =
an⋂

j=k

{
ζn:1 + · · · + ζn:j

γ1 + · · · + γn
> zn:j

}

︸ ︷︷ ︸

An

⋂

Bn,

where Bn = {Rn ≤ an}. Then by Lemma S-1, |Pr
{
Rn ≤ k

} − Pr
{
An

}| ≤
Pr

{
Bc

n

} → 0.
Let

Hn = {γ1 + · · · + γn < n − 2L(n)}
Γn:j =

{

γ1 + · · · + γj > αF ′(0)j − n−1/3
}

for n ≥ 1, 1 ≤ j ≤ n. Let C > 0 such that |F (αt) − αF ′(0)t| ≤ Ct2 for
0 ≤ t ¿ 1. Then for n À 1 and j ≤ an, we have

zn:j > αF ′(0)j/n − C(j/n)2,

and hence

Pr
{
An ∩ Hc

n

}

≤ Pr







an⋂

j=k

{

ζn:1 + · · · + ζn:j ≥ [1 − 2D(n)]

(

αF ′(0)j − Cj2

n

)}






≤ Pr







an⋂

j=k

Γn:j






,

with the second inequality due to Lemma S-2. Let

En:j =
{
γ1 + · · · + γj > αF ′(0)j

} ⊂ Γn:j

xn =
an∑

j=k

Pr
{

αF ′(0)j − n−1/3 < γ1 + · · · + γj ≤ αF ′(0)j
}

.
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Then En:j ⊂ Γn:j and

0 ≤ Pr







an⋂

j=k

Γn:j






− Pr







an⋂

j=k

En:j






≤ xn.

Since the density of γ1 + · · · + γj is bounded by 1, xn ≤ ann−1/3 → 0.
Following the proof for Lemma S-1, it can be seen that

∞∑

n=1

n∑

j=an+1

Pr
{
Ec

n:j

}
< ∞.

By the Law of Iterated Logarithm (LIL), Pr
{
Hn

} → 0 as n → ∞. Combining
these results,

lim
n→∞

Pr
{
Rn < k

}
= lim

n→∞
Pr

{
An

}
= lim

n→∞
Pr

{
An ∩ Hc

n

}

≤ lim
n→∞

Pr







an⋂

j=k

En:j






= lim

n→∞
Pr







∞⋂

j=k

En:j







= Pr
{
γ1 + · · · + γj > αF ′(0)j, for all j ≥ k

}

= Pr
{
τ < k

}
.

Similarly, limn Pr
{
Rn < k

} ≥ Pr
{
τ < k

}
and hence Pr

{
Rn < k

} →
Pr

{
τ < k

}
. ¤

Proof of Lemma S-1. By definition, for i ≤ n,

{Rn ≥ i} =
n⋃

j=i

{ξn:j ≤ zn:j} .

Let qn:j = Pr
{
ξn:j ≤ zn:j

}
and Z1, . . . , Zn

iid∼ Bern(zn:j). Then qn:j =
Pr {∑n

i=1 Zi ≥ j}. Since j − zn:jn > 0, by Hoeffding’s inequality (cf. Ap-
pendix),

qn:j ≤ exp
{

−2n(j/n − zn:j)
2
}

.

Fix ε, δ > 0, such that a := α/α∗ + δ ∈ (0, 1), b := inft∈(0,ε) F (t)/t > 0, and
for t ∈ (0, ε), F (t) < (a/α)t. By assumption, d := inf{t−F (αt) : t ≥ ε} > 0.
Therefore, for j > εn, qn:j ≤ exp{−2nd2}, yielding

∑

εn≤i≤n

Pr
{
Rn ≥ i

} ≤
∑

εn≤i≤n

n∑

j=i

Pr
{
ξn:j ≥ zn:j

}

≤
∑

εn≤i≤n

ne−2d2n → 0, n → ∞.(S-1)
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For j ≤ εn, c = F (αj/n) ∈ [b(αj/n), aj/n], so αbj ≤ cn and j − cn ≥
(1/a − 1)cn > 0. Let ϕ(t) = (1 + t) log(1 + t) − t. By Bennett’s inequality
(cf. Appendix),

qn:j ≤ exp

{

− cn

1 − c
ϕ

(
j − cn

cn

)}

≤ e−ρj , with ρ = αbϕ(1/a − 1) > 0.

Therefore, for any i ≤ n,

Pr
{
Rn ≥ i

}
= Pr







n⋃

j=i

{ξn:j ≤ zn:j}






≤
bεnc
∑

j=i

Pr
{
ξn:j ≤ zn:j

}
+

n∑

j=bεnc+1

Pr
{
ξn:j ≤ zn:j

}

≤ (1 − e−ρ)−1e−ρi + ne−2nd2
.

Then
∑

n Pr
{
Rn ≥ 2 log n/ρ

}
< ∞. By Borel-Cantelli lemma,

Rn < 2 log n/ρ, a.s.

The proof is complete by letting M = 1/ρ. ¤

Proof of Lemma S-2. The joint density of Xj = ξn:j , 1 ≤ j ≤ n and
Y =

∑n+1
j=1 γj is G(x1, . . . , xn, y) = 1 {0 < x1 < . . . < xn < 1} yne−y. Be-

cause (ζn:1, . . . , ζn:n, ζn:n+1) = φ(X1, . . . , Xn, Y ), where

φ(x1, . . . , xn, y) =
(
x1y, (x2 − x1)y, . . . , (xn − xn−1)y, (1 − xn)y

)
,

ζn:1, . . . , ζn:n+1 have joint density e−(z1+···+zn+1) and therefore are
iid∼ Exp(1).

¤

1.2. The other statements of Theorem 2.1. We only prove (2.7). Eq. (2.6)
follows immediately. Let θn:1, . . . , θn:n be the re-ordered θ1, . . . , θn corre-
sponding to pn:j . Then by (S-2),

Vn =
Rn∑

j=1

(1 − θn:j)
d
=

Rn∑

j=1

1 {ηj < ρ(pn:j)} .

Given k ≥ 1, almost surely, as n → ∞, pn:s → 0 and hence ρ(pn:i) → β∗ for
all i ≤ k. Then

(
1 {U1 < ρ(pn:1)} , . . . ,1 {Uk < ρ(pn:k)}

)

a.s.−→ (
1 {U1 < β∗} , . . . ,1 {Uk < β∗}

)

and hence by η’s and Rn being independent,

dTV(L(Vn |Rn = k), Bern(k, β∗)) → 0.

Since Rn
d→ τ , by dominant convergence, (2.7) is proved.
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2. Proof of Theorem 2.3. We shall prove Theorem 2.3 before Theo-
rem 2.2, since some of the ideas for the proof of the former can be applied
to the latter. Recall

Theorem 2.3. Suppose F is twice differentiable at 0 and F ′(0)u > F (u)

for u > 0. Then α∗ = 1/F ′(0). Suppose I =
{

i > 1 : F (i)(0) 6= 0
}

6= ∅. Let

` = min I. If α = α∗, then

lim
n→∞

log Rn

log n
= ν0 :=

2` − 2

2` − 1
a.s.(2.10)

The upper bound of Rn can be strengthened to

lim
n→∞

Rn

nν0(log n)1−ν0
≤

{

`!
√

2(1 + ν0)F ′(0)`

|F (`)(0)|

}2(1−ν0)

a.s.(2.11)

Furthermore, a.s., Vn/Rn → β∗ and true discoveries Rn − Vn ∼ (1− β∗)Rn.

2.1. Upper limit. The proof of Eq. (2.11) relies on Lemma S-2 and the
following two Lemmas.

Lemma S-1. Let mn ∈ N such that mn → ∞ as n → ∞. Given c > 1
and δ > 0,

Pr







n⋃

j=mn

(

γ1 + · · · + γj ≤ j −
√

2c(δ + 1)j log j
)







≤ m−δ
n /δ, for all n À 1.

Lemma S-2. If α = 1/F ′(0), then there is constant M > 0, such that

lim
n→∞

Rn

nν0(log n)1−ν0
≤ M a.s.

Proof of the upper limit Eq. (2.11). Denote

A0 :=






`!

√

4 − 2

2` − 1

F ′(0)`

|F (`)(0)|







2
2`−1

and Qn = nν0(log n)1−ν0 . It suffices to show that for any A > A0,

Pr
{
ξn:j > zn:j , for all j ≥ AQn and n À 1

}
= 1.(S-1)

Denote a = (4` − 3)/(` − 1) > 2. Given ε > 0, let c ∈ (1, 1 + ε
a) and

δ = a+ε
2c − 1. Then ν0δ > 1. Let ζn:1, . . . , ζn:n be defined as in Lemma S-2

and mn = dAnν0e. By Lemma S-1,

Pr







n⋃

j=dAnν0e

{

ζn:1 + · · · + ζn:j < j −
√

(a + ε)j log j
}






≤ A−δn−ν0δ

δ
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have a finite sum over n. Therefore, by Borel-Cantelli lemma, a.s.,

ζn:1 + . . . + ζn:j ≥ j −
√

(a + ε)j log j, for all j ≥ Anν0 and n À 1.(S-2)

Let Ei =
{
Ri < Miν0(log i)1−ν0

}
. By Lemma S-2, for M À 0,

lim
n→∞

Pr







⋂

i≥n

Ei






= 1.

On
⋂

i≥n Ei, if ξn:j ≤ zn:j , then j ≤ Rn = o(n), so by Taylor’s expansion,

ξn:j =
ζn:1 + · · · + ζn:j

γ1 + · · · + γn+1
≤ zn:j ≤

j

n
− (1 − ε)

`!

|F (`)(0)|
F ′(0)`

(
j

n

)`

.

On the other hand, by the LIL, almost surely, γ1 + · · · + γn ≤ n +√
2 + ε L(n) for n À 1. Together with (S-2), the inequalities lead to

1 −
√

(a + ε) log j

j
(S-3)

≤
[

1 − (1 − ε)

`!

|F (`)(0)|
F ′(0)`

(
j

n

)`−1
]

(

1 +
√

2 + ε D(n)
)

.

Assume that for infinitely many n, there exists j ≥ AQn such that ξn:j ≤
F (αj/n). Then by

√
log n/n = o(j/n) and (S-3), for n À 1,

√

(a + ε) log j

j
≥ (1 − ε)2

`!

|F (`)(0)|
F ′(0)`

(
j

n

)`−1

=⇒ j`−1/2

√
log j

≤ `!
√

a + ε F ′(0)` n`−1

(1 − ε)2|F (`)(0)| .

On the other hand, there are rn ↓ 0 such that

j`−1/2

√
log j

≥ (1 − rn)A`−1/2n`−1

√
(2` − 2)/(2` − 1)

Combine the above two inequalities to get

A`−1/2 ≤ `!

√

2` − 2

2` − 1

√
a + ε F ′(0)`

|F (`)(0)|
1

(1 − ε)2(1 − rn)
.

Let n → ∞ and then ε → 0. Then A`−1/2 ≤ A
`−1/2
0 and hence A ≤ A0.

The contradiction shows that (S-1) holds almost surely. This then finishes
the proof. ¤
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Proof. Proof of Lemma S-1 By log E[eθ(1−γ1)] = θ − log(1 + θ) = 1
2θ2 −

1
3θ3 + · · · , fix θ0 > 0, such that Λ(θ) < 1

2cθ2 for θ ∈ (0, θ0). Let gj(θ) =
1
2cθ2 − θ

√
2c(1 + δ) log j/j. Then by Chernoff’s inequality, for j ≥ 1 and

θ ∈ (0, θ0),

λj := Pr
{

γ1 + · · · + γj − j ≤ −
√

2c(1 + δ)j log j
}

≤ exp {jgj(θ)} .

For n À 1 and j = mn, . . . , n, θ̂ =
√

2(1 + δ)c−1 log j / j < θ0, gj(θ̂) =
−(1 + δ) log j/j, and so λj ≤ j−(1+δ). The proof is then complete by the
inequality for union of events. ¤

Proof of Lemma S-2. Following Lemma S-1, we estimate

qn:j = Pr
{
ξn:j ≤ zn:j

}
.

Given ε ∈ (0, 1), again, (S-1) holds, so almost surely, Rn < εn for all n À 1.
On the other hand, by α = 1/F ′(0), if ε ¿ 1, then 0 < 1

2κt` < t − F (αt) <

2κt` for all t ∈ [0, ε], where κ = |F (`)(0)|
`!F ′(0) . It follows that there is a constant

δ > 0, such that

nzn:j

1 − zn:j
ϕ

(

j − zn:jn

zn:jn

)

≥ δj2`−1

n2`−2
, for all j ≤ εn and n À 1.

Therefore, if M > (2/δ)1−ν0 and an = Mnν0(log n)1−ν0 , then by Bennett’s
inequality,

Pr
{
an ≤ Rn ≤ εn

} ≤ n exp

{

−δa2`−1
n

n2`−2

}

= n−(δM2`−1−1),

which have a finite sum (cf. Appendix). The proof is then complete by Borel-
Cantelli Lemma. ¤

2.2. Lower limit. The proof of the lower bound is based on two lemmas.
Given η > 1, denote Mj = Mj(η) =

⌊
ηj

⌋
. Given j ≤ m < n, let R(n, m, j) =

# {i ≤ n : ξi ≤ ξm:j}. Clearly ξm:j = ξn:R(n,m,j).

Lemma S-3. Fix 0 < ε ¿ 1 and 0 < a < b < 1. Then almost surely, for
m À 1, there exists j ∈ [am, bm] ∩ N such that

ξMm:Mj
< [ 1 −

√
2 − ε D(ηj) ]ηj−m.

Lemma S-4. Given 0 < a < b < 1, almost surely, for all m À 1,
j ∈ [am, bm] ∩ N, and Mm+1 ≤ n ≤ Mm+2, we have

∣
∣
∣
∣

1

n
R(n, Mm, Mj) − ηj−m

∣
∣
∣
∣ ≤ Cη D(ηj)ηj−m,

where Cη = 11η(η + 1)
√

η − 1.
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Proof of the lower limit for Eq. (2.10). Assume the above two
lemmas for now. To show limn

log Rn

log n ≥ ν0, it suffices to show that given
ν ∈ (0, ν0), almost surely, for n À 1, Rn > nν .

Fix λ ∈ (ν, ν0), η ∈ (1, 2), and ε ∈ (0, 1−ην−1), such that 2`λ−ν < 2`−2
and Cη < 1

2 . By Lemma S-3, a.s., for each m large enough, there exists
J ∈ [νm, λm] ∩ N, such that

ξMm:MJ
< [ 1 − D(ηJ) ]ηJ−m.(S-4)

For n À 1, if Mm+1 ≤ n ≤ Mm+2, then by Lemma S-4,
∣
∣
∣
∣

1

n
R(n, Mm, MJ) − ηJ−m

∣
∣
∣
∣ ≤

1

2
D(ηJ)ηJ−m .(S-5)

By J ≥ νm and n ≥ ηm+1, (S-5) implies R(n, Mm, MJ) ≥ nηJ−m(1−ε) ≥
nν . On the other hand, by J ≤ λm and n ≤ ηm+2, (S-5) also implies

R(n, Mm, MJ) ≤ nηJ−m(1 + ε) ≤ η2(1−λ)nλ(1 + ε).(S-6)

It only remains to show that almost surely, for n À 1,

ξn:R(n,Mm,MJ ) < zn:R(n,Mm,MJ ).

If this is shown, then Rn ≥ R(n, Mm, MJ) ≥ nν and the proof is complete.
Assume that with a positive probability, ξn:R(n,Mm,MJ ) ≥ zn:R(n,Mm,MJ ) for
infinitely many n. Since ξn:R(n,Mm,MJ ) = ξMm:MJ

for Mm+1 ≤ n ≤ Mm+2,
by (S-4) – (S-6), almost surely, for n À 1,

[ 1 − D(ηJ) ]ηJ−m ≥ zn:R(n,Mm,MJ )

≥ R(n, Mm, MJ)

n
− 2|F (`)(0)|

`!F ′(0)`

(
R(n, Mm, Mj)

n

)`

≥ [ 1 − D(ηJ)/2 ]ηJ−m − 2|F (`)(0)|
`!F ′(0)`

[

η2(1−λ)(1 + ε)
]`

n`(λ−1)

≥ [ 1 − D(ηJ)/2 ]ηJ−m − Kη`(λ−1)m,

where K > 0 is a constant independent of m. Thus by νm ≤ J ≤ λm,
η−m

L(ηνm) ≤ 2Kη`(λ−1)m. Since the inequality holds for infinitely many m,
it follows that ν/2 − 1 ≤ `(λ − 1), giving 2` − 2 ≤ 2`λ − ν < 2` − 2. The
contradiction finishes the proof. ¤

Our proof of Lemma S-3 shall be based on the Poisson representation in
Lemma S-2. We need several inequalities for Gamma distributions (cf. [5],
section 11.9).

Lemma S-5. Given c, r > 1 and ε, ν ∈ (0, 1), we have

Pr







n⋃

j=bnνc

{

γ1 + · · · + γj ≥ j +
√

2crL(j)
}






≤ ε(log n)1−r,(S-7)

all n À 1.
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Proof. Given η ∈ (1, c), let

an = max{i : ηi ≤ nν}, bn = min{i : ηi > n}.

Then bn/an → 1/ν. Denote the left hand side of (S-7) by λn. Let Zj = γj−1.
Then

λn ≤ Pr







bn⋃

s=an

{

max
ηs−1≤j≤ηs

(Z1 + · · · + Zj) ≥
√

2crL(ηs−1)

}






≤
bn∑

s=an

Pr

{

max
1≤j≤ηs

(Z1 + · · · + Zj) ≥
√

2crL(ηs−1)

}

︸ ︷︷ ︸

qs

.

Since EZj = 0, by martingale inequality (cf. [1], p256, Example )

qs ≤ (EeθZ1)ηs

exp
{

−θ
√

2crL(ηs−1)
}

= eηsfs(θ), any θ ∈ (0, 1).(S-8)

where fs(θ) = Λ(θ) − θ
√

2crD(ηs−1)/η with Λ(θ) = log(EeθZ1) = − log(1 −
θ) − θ. By Λ(0) = Λ′(0) = 0, and Λ′′(0) = 1, given C ∈ (1, c/η), there is
0 < θC ¿ 1, such that for θ ∈ (0, θC), Λ(θ) ≤ Cθ2/2 and so fs(θ) ≤ gs(θ) :=
1
2Cθ2 − θ

√
2crD(ηs−1)/η. Let θs = C−1

√
2crD(ηs−1)/η. For n À 1, because

θs < θC for all s = an, an + 1, . . . , bn,

qs ≤ eηsfs(θs) ≤ eηsgs(θs) = exp

{

−cr log(s − 1 + log η)

Cη

}

≤ s−r .

Let δ = r − 1. Then

λn ≤
bn∑

s=an

s−r ≤ a−δ
n /δ ∼ (log η)δ

δνδ
(log n)−δ.

To finish the proof, choose η close to 1 so that (log η)δ/(δνδ) < ε. ¤

We need the following lemma on moderate deviation.

Lemma S-6. Let X1, X2, . . . be iid with EX1 = 0, Var(X1) = σ2 > 0,
and E|X1|q < ∞ for any q > 0. Fix c > 0. Suppose tj ≤ c

√
log j and

tj → ∞, then

Pr
{
X1 + · · · + Xj ≥ σtj

√

j
}

= (1 + o(1))
e−t2j/2

√
2π tj

, as j → ∞ .

Proof. By Lemma A.3 in [3], Pr
{
X1 + · · · + Xj ≥ σtj

√
j
}

= (1 +

o(1))Φ̄(tj), where Φ̄(x) = Pr
{
N(0, 1) ≥ x

} ∼ x−1e−x2/2/
√

2π, as x → ∞. ¤
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Let Xi = 1− γi. Then EXi = 0 and Var(Xi) = 1. Then from Lemma S-6,

Pr
{
γ1 + · · · + γj ≤ j − tj

√

j
}

= (1 + o(1))
e−t2j/2

√
2π tj

,(S-9)

Lemma S-7. Let ε ∈ (0, 1). If L is large enough, then for any a, b, δ ∈
(0, 1) with a < b, almost surely, for m À 1 and Nm :=

⌊

Lδm
⌋

, there exists

j ∈ [aδm, bδm] ∩ N such that

ζNm:1 + · · · + ζNm:bLjc ≤ Lj −
√

2 − ε L(Lj)

Proof. For convenience, for x, y ∈ R+, denote by
⋃y

j=x,
∏y

j=x, etc. op-
erations over j ∈ [x, y] ∩ N. For m ≥ 1, let

Em =
Lm
⋃

j=Laδm

{

ζNm:1 + . . . + ζNm:j ≥ j +
√

4 + ε L(j)
}

.

Then by Lemma S-5, Pr
{
Em

}
= O(m−ρ) for some ρ > 1. Choose L À 1

such that

√
2 − ε

2 L(Lm+1 − Lm) −
√

4 + ε L(Lm) ≥
√

2 − ε L(Lm+1).

For m ≥ 1 and j ≤ m, let

Am =
bδm⋂

i=aδm

{

ζNm:1 + . . . + ζNm:bLic > Li −
√

2 − ε L(Li)
}

∆j = Lj+1 − Lj −
√

2 − ε
2 L(Lj+1 − Lj)

Gm:j =
{

ζNm:bLjc+1 + · · · + ζNm:bLj+1c > ∆j

}

,

Gm =
bδm−1⋂

i=aδm

Gm:i.

Then by the selection of L, Am \ Em ⊂ Gm. For fixed m, Gm:j , j ≥ 1, are
independent of each other. Therefore,

Pr
{
Am \ Em

} ≤
bδm−1∏

j=aδm

Pr
{
Gm:j

}

≤
bδm−1∏

j=aδm

(

1 − Pr
{

γ1 + . . . + γbLj+1c−bLjc ≤ ∆j

})

.

By (S-9), given η ∈ (0, 1
4ε), there is a constant C = C(L) such that for all

j À 1,

Pr
{

γ1 + . . . + γbLj+1c−bLjc ≤ ∆j

}

≥ Cj−(1−η).
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Then for some constant C2 = C2(a, b, δ, η, L),

Pr
{
Am \ Em

} ≤ exp






−C

bδm−1∑

j=aδm

j−1+η






≤ exp {−C2m

η} .

As a result,
∑

m Pr
{
Am \Em

}
< ∞. Together with Pr

{
Em

}
= O(m−ρ), this

yields
∑

Pr
{
Am

}
< ∞. The lemma then follows according to Borel-Cantelli

lemma. ¤

Proof of Lemma S-3. Given 0 < ε1 ¿ ε, by Lemma S-7, there is L À
1, such that for any δ ∈ (0, 1), a.s., for m À 1, there exists j ∈ [aδm, bδm]∩N

with ζNm:1 + · · · + ζNm:bLjc ≤ Lj −
√

2 − ε1 L(Lj), where Nj =
⌊

Lδj
⌋

. In

particular, let δ = logL η. Then Nj ≡ Mj and there is j ∈ [am, bm]∩N, such
that ζMm:1 + · · ·+ ζMm:Mj

≤ ηj −
√

2 − ε1 L(ηj). On the other hand, by the

LIL, when m À 1, |γ1 + · · · + γMm+1 − ηm| ≤
√

2 + ε1L(ηm). By the two
inequalities and Lemma S-2,

ξMm:Mj
≤ ηj −√

2 − ε1 L(ηj)

ηm −√
2 + ε1 L(ηm)

= [ 1 −
√

2 − ε1 D(ηj) ]ηj−m (1 + o(1)).

Thus, if m À 1, then for the above j, ξMm:Mj
≤ [1 −

√
2 − ε D(ηj) ]ηj−m. ¤

The proof of Lemma S-4 is based on two preliminary results.

Lemma S-8. For any 0 < a < b < 1, ε ∈ (0, 1), and η > 1, almost
surely, for all m À 1 and j ∈ [am, bm] ∩ N, we have

∣
∣
∣ξbηmc:bηjc − ηj−m

∣
∣
∣ ≤ 3 D(ηj)ηj−m.

Proof. By a result of Csörgő and Révész (cf. [5], Theorem 1, p 616), for
un = 9log2n/n,

lim
n→∞

n

L(n)
sup

t∈[un,1−un]

∣
∣
∣
∣
∣

U
∗
n(t) − t

√

t(1 − t)

∣
∣
∣
∣
∣
≤ 2

√
2, a.s.

For j ∈ [am, bm] ∩ N, let tj =
⌊
ηj

⌋
/ bηmc. Then ξbηmc:bηjc = U

∗(tj). For

m À 1, tj ∈ [uMm , 1−uMm ] for all j ∈ [am, bm]∩N and log2η
m/log2η

j → 1
uniformly. Therefore, by the above inequality, given ε < 3−2

√
2, for m À 1,

∣
∣
∣ξbηmc:bηjc − ηj−m

∣
∣
∣ ≤ (2

√
2 + ε)L(ηm)

√

ηj−m(1 − ηj−m)/ηm

< 3D(ηj)ηj−m .

¤
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The proof of the next elementary result is omitted for brevity.

Lemma S-9. There is θ0 > 0, such that Λ(θ, x) ≤ xθ2 for all θ ∈ [−θ0, θ0]
and x ∈ [0, 1], where Λ(θ, x) = log(1 − x + xeθ) − xθ.

Lemma S-10. For n ≥ 1, let an ∈ (0, 1
2) and fn(x) > 0 with

sup
x∈[an,1/2]

fn(x)

nx
→ 0.

Then for all n À 1 and x ∈ [an, 1
2 ], we have

Pr

{

max
1≤j≤n

j |Uj(x) − x| ≥ fn(x)

}

≤ 2 exp

{

−f2
n(x)

4nx

}

.

Proof. For x ∈ (0, 1), Zj := 1 {ξj ≤ x} − x are iid with EZ1 = 0 and
Pr

{
Zj = 1−x

}
= x = 1−Pr

{
Zj = −x

}
. Since j(Uj(x)−x) = Z1 + · · ·+Zj ,

by martingale inequality (cf. [1], p256, Example 9), for all θ > 0,

λn(x) := Pr

{

max
1≤j≤n

j(Uj(x) − x) ≥ fn(x)

}

≤ exp {nΛ(θ, x) − fn(x)θ} .

By Lemma S-9, there is θ0 > 0, such that Λ(θ, x) ≤ xθ2 for all θ ∈ [0, θ0] and
x ∈ [0, 1]. Then λn(x) ≤ exp

{
nxθ2 − fn(x)θ

}
. By the assumption, if n À 1,

then fn(x)
2nx ∈ [0, θ0] for all x ∈ [an, 1/2] and hence λn(x) ≤ exp

{

−f2
n(x)
4nx

}

.

The inequality

Pr

{

max
1≤j≤n

j(x − Uj(x)) ≥ fn(x)

}

≤ exp

{

−f2
n(x)

4nx

}

,

can be similarly proved. Then the proof is complete. ¤

Proof of Lemma S-4. Let

Em =

{
1

2
ηj−m < ξMm:Mj

< 2ηj−m, am ≤ j ≤ bm

}

.

Denote Dm = Mm+2 − Mm. For each j ∈ [am, bm] ∩ N, let

Γm:j =

Mm+2⋃

n=Mm+1

{

|R(n, Mm, Mj) − Mj − (n − Mm)ξMm:Mj
|

≥ 4
√

DmξMm:Mj
log2Mm

}

.
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Because R(n, Mm, Mj)−Mj = #{i = Mm + 1, . . . , n : ξi ≤ ξMm:Mj
} and ξi

iid∼ Unif(0, 1) for i > Mm and are independent of ξMm:Mj
, by Lemma S-10,

Pr
{
Γm:j ∩ Em

}

≤ sup
ηj−m/2≤x≤2ηj−m

Pr

{

max
1≤n≤Dm

n |Un(x) − x| ≥ 4
√

Dm x log2Mm

}

≤ 2e−4log2Mm = 2(log Mm)4 ∼ 2(m log η)−4,

yielding
∑

m

∑

am≤j≤bm Pr
{
Γm:j∩Em

}
< ∞. By Lemma S-8, Pr

{ ⋂∞
m=n Em

}

→ 1 as n → ∞. Then by Borel-Cantelli lemma, almost surely, if m À 1, then
for all j ∈ [am, bm]∩N and Mm+1 ≤ n ≤ Mm+2, we have ξMm:Mj

< 2ηj−m,
log2η

m ∼ log2η
j , and

∣
∣
∣
∣

R(n, Mm, Mj) − Mj

n − Mm
− ξMm:Mj

∣
∣
∣
∣ ≤

4
√

DmξMm:Mj
log2η

m

n − Mm

≤ 8η L(ηj)√
η − 1 ηm

.

By Lemma S-8,
∣
∣
∣ξMm:Mj

− Mj/Mm

∣
∣
∣ ≤ 3L(ηj)/ηm. Combining the results,

∣
∣
∣
∣

R(n, Mm, Mj) − Mj

n − Mm
− Mj

Mm

∣
∣
∣
∣ ≤

11η L(ηj)√
η − 1 ηm

.

Then
∣
∣
∣
∣

R(n, Mm, Mj)

n
− Mj

Mm

∣
∣
∣
∣ =

n − Mm

n

∣
∣
∣
∣

R(n, Mm, Mj) − Mj

n − Mm
− Mj

Mm

∣
∣
∣
∣

≤ 11η(η2 − 1) L(ηj)√
η − 1 ηm

.

By L(ηj)/ηm = D(ηj) ηj−m, the proof is complete. ¤

2.3. The last statement of Theorem 2.3. By (2.10), it is apparent that
Rn → ∞ a.s. To show Vn/Rn → β∗ a.s., apply the representation (S-2). For
each n ≥ 1, sorting p1, . . . , pn in increasing order rearranges η1, . . . , ηn as
ηn:1, . . . , ηn:n. Then

Vn

Rn
=

1

Rn

Rn∑

j=1

1 {ηn:j < ρ(pn:j)} .

Almost surely, pn:Rn → 0 and hence ρ(pn:i) → β∗ uniformly for i = 1, . . . , Rn.
Then from the Strong Law of Large Numbers (SLLN), Vn/Rn → β∗.
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2.4. Bandwidth for kernel estimation of F ′(0). Because the behavior of
the BH procedure relies on F ′(0), it is desirable to estimate the latter. Given
an appropriate kernel function K(t) ≥ 0, F ′(0) can be estimated by

F̂ ′
n(0) =

2

nbn

n∑

j=1

K

(
εj pj

bn

)

(S-10)

where ε1, ε2, . . . are iid with Pr
{
ε1 = 1

}
= Pr

{
ε1 = −1

}
= 1/2 and nbn → ∞.

We have

Proposition S-1. Suppose for (S-10), the kernel function K is smooth
and nonnegative with bounded support, such that K(x) = K(−x) and

∫
K =

1. Let

µ =
F (`)(0)

(` − 1)!

∫

K(x)|x|`−1 dx, κ = 2

∫

K2.

Then the minimum MSE of F̂ ′
n(0) is

MIN MSE = (1 + o(1))

(
κ

ν0

)ν0
(

µ2

1 − ν0

)1−ν0

n−ν0

with the corresponding optimal bandwidth

bn =

[(
1

ν0
− 1

)
κ

µ2

]1−ν0 1

n1−ν0
.

It is interesting that for the kernel estimator (S-10), the minimum MSE
is of the same order as n−ν0 and the optimal bandwidth is of the same order
as nν0−1. Whether there is any connection between the kernel estimation
and criticality remains to be seen.

Proof. Because the Rademacher process ε1, ε2, . . . and p1, p2, . . . are in-
dependent, ε1p1, ε2p2, . . . are iid with density f(x) = 1

2F ′(|x|). So the bias

of F̂ ′
n(0) is

E[F̂ ′
n(0)] − F ′(0) =

2

bn

∫

K

(
x

bn

)

f(x) dx − F ′(0)

=
1

bn

∫

K

(
x

bn

)

F ′(|x|) dx − F ′(0)

=

∫

K(x)
[
F ′(bn|x|) − F ′(0)

]
dx

=
b`−1
n F (`)(0)

(` − 1)!

∫

K(x)|x|`−1 + o(x`−1)

= µb`−1
n (1 + o(1)).
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On the other hand, the variance of F̂ ′
n(0) is

2(1 + o(1))

nb2
n

∫

K2
(

x

bn

)

f(x) dx =
κ

nbn
(1 + o(1)).

Therefore, the MSE with bandwidth bn is (µ2b
2(`−1)
n + κ

nbn
)(1 + o(1)). Mini-

mizing over bn then finishes the proof. ¤

3. Proof of Theorem 2.2.

Theorem 2.2. Suppose α ∈ (α∗, 1) and ∆ = 1 − αF ′(u∗) > 0. Let
q∗ = 1 − p∗. Then

lim
n

±Rn − np∗√
nlog2n

=

√
2p∗q∗
∆

, a.s.(2.8)

Furthermore, Rn/n is asymptotically proportional to the power:

powern =
Rn

n

(
1 − α

π
+ α

)

+ op(1) → G(u∗), a.s.(2.9) ¤

We first prove (2.8). By (2.9), Rn/n
a.s.−→ p∗. Then by SLLN, Vn/Rn

a.s.−→
(1 − π)α. Therefore,

powern =
Rn − Vn

n − Nn
=

Rn

n

1 − Vn/Rn

1 − Nn/n

=
Rn

n

1 − (1 − π)α

π
+ op(1)

a.s.−→ p∗[1 − (1 − π)α]

π
= G(αp∗).

On the other hand,

G(αp∗) = α

[
1/α − 1

π
+ 1

]

p∗ ∼ α

[
F ′(0) − 1

π
+ 1

]

p∗

Combining the above two formulas then proves (2.8).
Most of the effort will be devoted to limn(Rn−np∗)/L(n) = −

√
2p∗q∗/∆,

which is equivalent to limn −(Rn − np∗)/L(n) =
√

2p∗q∗/∆. Recall that
∆ = 1 − αF ′(αp∗). Then limn(Rn − np∗)/L(n) =

√
2p∗q∗/∆ will be shown

by a “time reversal” argument.

3.1. Lower bound for limn(Rn − np∗)/L(n). In this section we show
limn(Rn − np∗)/L(n) ≥ −

√
2p∗q∗/∆, a.s. In the following, denote

t(n, a) = bnp∗ − a L(n)c , n ≥ 1, a > 0.

Recall the definition of R(n, m, j) given just before Lemma S-4. We need
two lemmas.
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Lemma S-1. If a >
√

2p∗q∗/∆, then there are δ = δ(a) > 0 and c =
c(a) > 1, such that given η ∈ (1, c), almost surely, ξMm:Tm ≤ zMm:Tm −
δD(ηm) for all m À 1, where Mm = bηmc and Tm = t(Mm, a). Recall
zn:j = F (αj/n) for 1 ≤ j ≤ n.

Lemma S-2. Given η ∈ (1, 2), define Mm and Tm as in Lemma S-1.
Then almost surely, for m À 1,

|R(n, Mm, Tm)/n − Tm/Mm| ≤ 66
√

η − 1D(ηm).

Proof of lower bound. Given a > 2p∗q∗/∆2, fix δ = δ(a), c = c(a) as
in Lemma S-1. Let η ∈ (1, c) such that 66

√
η − 1 < δ. Clearly Tm/Mm → p∗.

By Lemma S-1, almost surely, for m À 1, ξMm:Tm ≤ zMm:Tm − δD(ηm).
On the other hand, by Taylor expansion, for all Mm+1 ≤ n ≤ Mm+2,
zn:R(n,Mm,Tm) ≥ zMm:Tm − |R(n, Mm, Tm)/n − Tm/Mm|. Then by Lemma
S-2, zn:R(n,Mm,Tm) > zMm:Tm − δD(ηm), yielding

ξn:R(n,Mm,Tm) = ξMm:Tm ≤ zMm:Tm − δD(ηm) < zn:R(n,Mm,Tm)

Thus Rn ≥ R(n, Mm, Tm). Because by Lemma S-2,

R(n, Mm, Tm) − np∗ ≥
(

Tm/Mm − 66
√

η − 1D(ηm) − p∗
)

n

≥ −
(

a + 66
√

η − 1
)

D(ηm)n

≥ −η
(

a + 66
√

η − 1
)

L(n),

we get limn(Rn − np∗)/L(n) ≥ −η(a + 66
√

η − 1). Since η > 1 and a >√
2p∗q∗/∆ are arbitrary, this then finishes the proof. ¤

Following Lemma S-10, it can be shown that if cn → ∞ and a ∈ (0, 1),
then for dn > 0 and δ > 0, for all n À 1 and cndn ≤ j ≤ an,

Pr {±(j − nUn(j/n)) ≥ dn} ≤ exp

{

− d2
n

2(1 + δ)j(1 − j/n)

}

.(S-1)

Proof of Lemma S-1. Indeed, it suffices to choose δ = δ(a) = 1
2(a∆ −√

2p∗q∗) and c = c(a) = 1
6a∆/

√
2p∗q∗ + 5

6 > 1. To see this, define

rn =

∣
∣
∣
∣ξn:t(n,a) + Un

(
t(n, a)

n

)

− 2t(n, a)

n

∣
∣
∣
∣ ,

Γn =

{

rk ≤ 2 log k

k3/4
, all k ≥ n

}

,

En =
{

ξn:t(n,a) > zn:t(n,a) − δD(n)
}

.
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Fix 0 < ε < 1
6(∆ −

√
2p∗q∗/a ). Because t(n, a) − np∗ ∼ −aL(n), for n À 1,

on En ∩ Γn, by Taylor expansion of zn:t(n,a) = F (αt(n, a)/n) around αp∗,

2t(n, a)

n
− Un

(
t(n, a)

n

)

> F (αp∗) + (αF ′(αp∗) + ε)

(
t(n, a)

n
− p∗

)

− rn − δD(n)

> p∗ + (αF ′(αp∗) + 2ε)

(
t(n, a)

n
− p∗

)

− δD(n) ,

=⇒ t(n, a) − nUn

(
t(n, a)

n

)

≥ (np∗ − t(n, a))(∆ − 2ε) − δL(n) ≥ c
√

2p∗q∗L(n).

Then by (S-1), given η ∈ (1, c), for n À 1,

Pr
{
En ∩ Γn

} ≤ exp
{

−c2log2n/η
}

< (log n)−c.

Consequently
∑∞

m=1 Pr
{
EMm∩ΓMm

}
< ∞. By Borel-Cantelli lemma, almost

surely, for m À 1, either Ec
Mm

or Γc
Mm

occurs. However, by the Bahadur-
Kiefer representation, almost surely, for all n À 1, Γn occurs. As a result,
for m À 1, Ec

Mm
occurs, i.e., ξMm:Tm ≤ zMm:Tm − δD(ηm). ¤

Because the proof of Lemma S-2 is very similar to that for Lemma S-4,
with Mj being replaced by Tm, the detail of the proof is omitted.

3.2. Upper bound for limn(Rn − np∗)/L(n). In this section we show
limn(Rn − np∗)/L(n) ≤ −

√
2p∗q∗/∆. Together with the lower bound, this

implies limn −(Rn − np∗)L(n) =
√

2p∗q∗/∆. We need two lemmas.

Lemma S-3. If a ∈ (0,
√

2p∗q∗/∆), then there are δ = δ(a) > 0 and
L = L(a) À 1, such that Pr

{
EMm i.o.

}
= 1, where

En = {ξn:t(n,a) − zn:t(n,a) > δD(n)}
and Mm = bLmc.

Lemma S-4. Let En and Mm be defined as in Lemma S-3 and Tm =
t(Mm, a). Then there is a constant κ > 0, such that

∞∑

m=1

Pr
{
RMm > Tm + κm, EMm

}
< ∞.

Proof of upper bound. Let

Γm = {RMm > Tm + κm} .

By Lemma S-4 and Borel-Cantelli lemma, a.s., Γc
m ∪ Ec

Mm
occurs for all

m À 1. By Lemma S-3, for infinitely many m, EMm occurs, and hence
RMm ≤ Tm + κm. Therefore, limn(Rn − np∗)/L(n) ≤ −a. Because a <√

2p∗q∗/∆ is arbitrary, the upper bound is proved. ¤
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The proof of Lemma S-3 is based on the following result.

Lemma S-5. Let a ∈ (0,
√

2p∗q∗/∆). There are δ = δ(a) > 0 and L =
L(a) À 1, such that a.s., tm−UMm(tm) ≥ ∆(p∗−tm)+δD(Mm) for infinitely
many m, where Mm = bLmc, Tm = t(Mm, a), and tm = Tm/Mm

Proof. Let Dm = Dm(L) = Mm+1 − Mm. Fix δ > 0, b ∈ (0, a), and
L > 0, such that

a∆ + 2δ <
√

2p∗q∗,

b + b∆ + δ > a + a∆,

b
√

L/(L − 1) < a, and

(b + b∆ + 2δ)L(Dm) > (a + a∆ + δ)L(Mm+1) +
√

3p∗q∗L(Mm),

for all m À 1.

It is not hard to see such δ, b, and L indeed exist. Denote xn = t(n, b)/n
and let

λn = Pr






nxn −

n∑

j=1

1 {ξj ≤ xn} ≥ (b∆ + 2δ)L(n)






.

Given η > 0 with 2p∗q∗ > (1 + η)(b∆ + 2δ)2, since xn − 1 {ξj ≤ xn} are iid
with mean 0 and variance xn(1 − xn), by Lemma S-6, it can be seen that

λn ≥ exp

{

−(1 + η)(b∆ + 2δ)2log2n

2xn(1 − xn)

}

, for all n À 1.

Since xn → p∗, there is ρ ∈ (0, 1), such that λn > (log n)−ρ for n À 1. Let

Γm =






DmxDm −

Mm+1∑

j=Mm+1

1 {ξj ≤ xDm} ≥ (b∆ + 2δ)L(Dm)






.

Then Γm are independent of each other and Pr
{
Γm

} ≥ (log Dm)−ρ >
(m log L)−ρ for all m À 1. Therefore,

∑

m Pr
{
Γm

}
= ∞, and by Borel-

Cantelli lemma, Pr
{
Γm i.o.

}
= 1.

Because b
√

L/(L − 1) < a, for m À 1, xDm > tm+1 and hence on Γm,

DmxDm −
Mm+1∑

j=Mm+1

1 {ξj ≤ tm+1} ≥ (b∆ + 2δ)L(Dm).(S-2)

Let Gm =
{

p∗Mm − ∑Mm

j=1 1 {ξj ≤ p∗} ≥ −
√

3p∗q∗L(Mm)
}

. By the LIL,

as n → ∞, Pr
{ ⋂

m≥n Gm
} → 1. Then by tm+1 < p∗, almost surely, for all

m À 1,

p∗Mm −
Mm∑

j=1

1 {ξj ≤ tm+1} ≥ −
√

3p∗q∗L(Mm).(S-3)
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Add (S-2) and (S-3). Observe

DmxDm + p∗Mm ≤ p∗Mm+1 − bL(Dm)

≤ Tm+1 + aL(Mm+1) − bL(Dm) + 1.

Then by the selection of δ, b, and L, for m À 1, on Γm ∩ Gm,

Tm+1 −
Mm+1∑

j=1

1 {ξj ≤ tm+1}

≥ (b + b∆ + 2δ)L(Dm) − aL(Mm+1) −
√

3p∗q∗L(Mm)

≥ (a∆ + δ)L(Mm+1)

> ∆(p∗Mm+1 − Tm+1) + δL(Mm+1) .

Dividing both sides by Mm+1 yields

tm+1 − UMm+1(tm+1) ≥ ∆(p∗ − tm+1) + δD(Mm+1).

Since Pr
{
Γm ∩ Gm i.o.

}
= 1, the proof is then complete. ¤

Proof of Lemma S-3. Let δ = δ(a) and L = L(a) as in Lemma S-5.
Fix ε ∈ (0, δ

2a). Because tm → p∗ and tm < p∗, by Taylor expansion of F
around αp∗, zMm:Tm < p∗+(αF ′(αp∗)−ε)(tm−p∗) = p∗−(1−∆−ε)(p∗−tm).
By Lemma S-5, it follows that that almost surely, for infinitely many m,

2tm − UMm(tm) ≥ tm + ∆(p∗ − tm) + δD(Mm)

= p∗ − (1 − ∆)(p∗ − tm) + δD(Mm)

≥ zMm:Tm + (δ/2)D(Mm) .

On the other hand, by the Bahadur-Kiefer representation, ξMm:Tm = 2tm −
UMm(tm) + o(D(Mm)). Combining the inequalities and redefining δ as δ/3,
the proof is complete. ¤

Lemma S-4 is based on the following result. The argument in [2] for in-
probability convergence can be modified to show the lemma. Therefore we
omit the proof for brevity.

Lemma S-6. Given r > 0, a.s., for n À 1, Rn ≤ n(p∗ + r).

Proof of Lemma S-4. Given κ > 0, let Γm = {RMm ≥ Tm + κm} ∩
EMm . Then

Γm ⊂ {
ξMm:Tm > zMm:Tm and there is j > Tm + κm, s.t. ξMm:j ≤ zMm:j

}
.
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Let ε ∈ (0, ∆) and c = αF ′(αp∗) + ε < 1. Fix r > 0 and let I = [αp∗ −
2r, αp∗ + 2r], such that |F (x) − F (y)| < c|x − y| for x, y ∈ I. Then Γm ⊂
Gm ∪ Nm, where

Gm =
{

∃j ∈ (κm, rMm) ∩ N, s.t. ξMm:Tm+j − ξMm:Tm ≤ cj/Mm

}

Nm =
{

RMm > (p∗ + r/2)Mm

}

⋃ {

ξMm:Tm+j 6∈ I, for some 0 ≤ j ≤ rMm

}

.

By Lemma S-6 and SLLN, Pr
{ ⋃

m=n Nm
} → 0 as n → ∞. On the other

hand, observe that (ξMm:Tm+j − ξMm:Tm , 0 < j ≤ n − Tm) has the same
distribution as (ξMm:j , 0 < j ≤ n − Tm). Therefore,

Pr
{
Gm

} ≤ λm := Pr







⋃

j>κm

{ξMm:j < cj/Mm}





.

Following the proof of Lemma S-1, it is seen that if κ > 0 is large enough,
then

∑

m λm < ∞, and hence by Borel-Cantelli lemma, Pr
{ ⋃

m=n Gm
} → 0

as n → ∞. Then almost surely, for m À 1, Γc
m = {RMm < Tm + κm}∪Ec

Mm

occurs. By Lemma S-3, the proof is thus complete. ¤

3.3. Proof for limn(Rn−np∗)/L(n). The upper limit of (Rn−np∗)/L(n)
can be deduced from an appropriate lower limit based on “time reversal”.
The idea is that Rn has a bounded difference with the first index j that
satisfies ξn:j > zn:j ∼ p∗. Let τn be this first index. Then for ξ̃k = 1 − ξk

and φ̃(x) = 1 − F (α(1 − x)), R̃n = n − τn is the last index satisfying
ξ̃n:j < φ̃(j/n) ∼ p̃∗, with p̃∗ = 1 − p∗ a fixed point of φ(x). Since we can
handle the lower limit of R̃n, the upper limit for Rn can be obtained.

To complete the proof, we shall remove the condition that p∗ be the largest
fixed point of F (αx) and that F be a distribution function. Note that by
Lemma S-6, Rn can be defined as max{j ≥ 0 : ξn:j ≤ zn:j and |j/n−p∗| < r}
for any r > 0. This makes it possible to generalize the result to any fixed
point of φ.

Lemma S-7. Suppose φ ∈ C([0, 1]) is increasing and has a fixed point
p∗ ∈ (0, 1) such that ∆ = 1 − φ′(p∗) > 0. Denote q∗ = 1 − p∗. Let c ∈
(φ′(p∗), 1) and r ∈ (0, q∗) such that

φ(y) − φ(x) < c(y − x), if p∗ − r < x < y < p∗ + r;

c(q∗ + r) < q∗ − r.

Define Rn = max
{
j ≥ 0 : ξn:j ≤ φ(j/n), and |j/n − p∗| < r

}
, then

limn(Rn − np∗)/L(n) =
√

2p∗q∗/∆.
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Lemma S-8. Under the same conditions as Lemma S-7, define

τn =

{

min {j ≥ 0 : ξn:j+1 ≥ φ(j/n) and |j/n − p∗| < r} , if such j exist;

∞, otherwise.

Then Rn − τn ≥ 0 is stochastically bounded and there is a constant κ > 0,
such that almost surely, for n À 1, Rn ≤ τn + κ log n.

Proof of limn(Rn − np∗)/L(n) =
√

2p∗q∗/∆. Let ξ̃j = 1− ξj . Then for
n ≥ 1 and j = 0, . . . , n + 1, ξ̃n:j = 1 − ξn:n−j+1. Let φ(x) = F (αx) and
φ̃(x) = 1−φ(1−x). Then q∗ is a fixed point of φ̃ such that φ̃′(q∗) = φ′(p∗) =
αF ′(αp∗) < 1. Moreover,

n − τn = max
{
j : ξ̃n:j ≤ φ̃(j/n) and |j/n − q∗| < r

}
.

Therefore, by Lemma S-7,

lim
n→∞

np∗ − τn

L(n)
= lim

n→∞

n − τn − nq∗
L(n)

= −
√

2p∗q∗/∆, a.s.

and hence limn(τn − np∗)/L(n) =
√

2p∗q∗/∆. Then by Lemma S-8, almost
surely, Rn − τn = O(log n) = o(L(n)), which gives limn(Rn − np∗)/L(n) =√

2p∗q∗/∆. ¤

Lemma S-7 follows exactly the same argument as in last two subsections.
We therefore omit its proof.

Proof of Lemma S-8. By definition, ξn:τn < φ(τn/n) and so τn ≤ Rn.
Let I = (p∗ − r, p∗ + r) and

En =
{

τj/j, Rj/j, and ξj:τj+1 ∈ I for all j ≥ n
}

.

Given k ≥ 1,

Pr {Rn − τn = k, En}
=

∑

s: s/n, (k+s)/n∈I

Pr
{
Rn = k + s, τn = s, En

}

≤
∑

s: s/n, (k+s)/n∈I

Pr{ξn:k+s − ξn:s+1 ≤ φ((k + s)/n) − φ(s/n),

τn = s, ξn:τn+1 ∈ I}
≤

∑

s: s/n∈I

Pr
{
ξn:k+s − ξn:s+1 ≤ ck/n, τn = s, ξn:τn+1 ∈ I

}
.

Let ξ′1, ξ′2, . . .
iid∼ Unif(0, 1) and independent of ξ1, ξ2, . . .. Because τn is a

stopping time with respect to ξn:1, . . . , ξn:n, conditioning on τn = s,

ξn:j+s+1 − ξn:s+1, j ≥ 0
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have the same joint distribution as

(1 − ξn:s+1)ξ
′
n−s−1:j , j ≥ 0.

Therefore,

Pr {Rn − τn = k, En}
≤

∑

s: s/n∈I

Pr
{
ξ′n−s−1:k−1(1 − ξn:s+1) ≤ ck/n, τn = s, ξn:s+1 ∈ I

}

≤
∑

s: s/n∈I

Pr
{
ξ′n−s−1:k−1(q∗ − r) ≤ c(q∗ + r)k/(n − s − 1)

}
Pr

{
τn = s

}

≤ sup
j≥(q∗−r)n

Pr
{
ξj:k−1 < c′k/j

}
,

where c′ = c(q∗ + r)/(q∗ − r) < 1. From Lemma S-6, Pr {En} → 1. The
lemma then follows from almost the identical argument for the the case
α < α∗. ¤

4. Proofs for Procedure M.

4.1. Proof of Proposition 4.1. The result involves the following conver-
gences:

pn:Ln(t) → u− := inf {x ∈ [0, t] : t − x ≤ α(F (t) − F (x))} ,

pn:Ln(t) → u+ := sup {x ∈ [t, 1] : x − t ≤ α(F (x) − F (t))} .
(S-1)

Proposition 4.1. Ln(t) = Ro
n(T−

n (t)) + 1 and Un(t) = Rn(T+
n (t)),

where

T−
n (t) = inf

{

x ≤ t :
t − x

α
≤ [Ro

n(t) − Ro
n(x)] ∨ 1

n

}

,

T+
n (t) = sup

{

x ≥ t :
x − t

α
≤ [Rn(x) − Rn(t)] ∨ 1

n

}

.

(S-2)

Therefore, Step 2 of Procedure M is the same as rejecting all nulls with
p-values in [T−

n (tik), T+
n (tik)], k = 0, . . . , m. Furthermore, T±

n (t)
a.s.−→ u±

t and
(S-1) holds.

Proof. For (S-2), we only show Ln(t) = Ro
n(T−

n (t)) + 1, i.e. r−n (t) =
J := Ro

n(t) − Ro
n(T−

n (t)). First, if J > 0, then by T−
n (t) ≤ pn:Ro

n(T−

n (t))+1 =
pn:Ro

n(t)−J+1 and the right continuity of Ro
n,

1

α
(t − pn:Ro

n(t)−J+1) ≤
1

α
(t − T−

n (t))

≤ [Ro
n(t) − Ro

n(T−
n (t))] ∨ 1

n
=

αJ

n
.
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If J = 0, then t − pn:Ro
n(t)−J+1 = t − pn:Ro

n(t)+1 ≤ 0 = J/n. In either case,
by definition, r−n (t) ≥ J . On the other hand, for j > J , pn:Ro

n(t)−j+1 ≤
pn:Ro

n(t)−J = pn:Ro
n(T−

n (t)) < T−
n (t), then by the definition of T−

n (t) and j ≥ 1,

1

α
(t − pn:Ro

n(t)−j+1) >
[Ro

n(t) − Ro
n(pn:Ro

n(t)−j+1)] ∨ 1

n
=

αj

n

and hence r−n (t) < j, implying r−n (t) ≤ J .
To show (S-1), notice pn:Ln(t)−1 < T−

n (t) ≤ pn:Ln(t). Following the argu-
ment in [2], T−

n (t) → u−(t). Because pn:Ln(t) − pn:Ln(t)−1 → 0, the first con-
vergence in (S-1) is proved. The second convergence in (S-1) can be proved
likewise. ¤

4.2. Proof of Theorem 4.1. Let p+
∗ (t) = F (u+

t ) − F (t), p−∗ (t) = F (t) −
F (u−

t ). The theorem is stated as follows.

Theorem 4.1. Suppose ti−αF (ti) are different from each other.

1) If p±∗ (ti) = 0 and F ′(ti) < 1/α for all i, then a.s., for n À 1, Rn = 0.
Furthermore,

(r+
n (0), r−n (t1), r

+
n (t1), . . . , r

−
n (tM−1), r

+
n (tM−1), r

−
n (1))

d→ (τ0, τ̃1, τ1, . . . , τ̃M−1, τM−1, τ̃M ), as n → ∞,

where the τ ’s and τ̃ ’s are independent, each τk and τ̃k following the
distribution of the last excursion time into (−∞, 0) of the random walk
S0 = 0, Sk = Sk−1 + γk − αF ′(tk), with γ1, γ2, . . . iid ∼ Exp(1).

2) If p+
∗ (ti) + p−∗ (ti) > 0 for some i = 0, . . . , M , then a.s.,

lim
n→∞

FDR = lim
n→∞

pFDR ≤ (1 − π)α, lim
n→∞

powern =

(
1 − α

π
+ α

)

Π

where

Π = max
S⊂{t0,...,tM}: [u−

s ,u+
s ]

are disjoint for s∈S

{
∑

s∈S

[
p−∗ (s) + p+

∗ (s)
]

}

.

3) Suppose for each i, Ii :=
{

k > 1 : F (k)(ti) 6= 0
}

6= ∅. Let `i = min Ii. If

p±∗ (ti) = 0 for all i but F ′(ti) = 1/α for at least one of them, then

lim
n→∞

FDR = lim
n→∞

pFDR = (1 − π)α,
log Rn

log n
a.s.−→ 2` − 2

2` − 1
,

where ` = max{`i : F ′(ti) = 1/α}. Additionally, a.s., for n À 1, the
set of rejected p-values consists exactly of those in [T−

n (ti), T
+
n (ti)] with

F ′(ti) = 1/α.
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We need some notations for the proof. From Proposition 4.1, Step 2 of
Procedure M is the same as rejecting all hypotheses whose p-values are in
pj ∈ [T−

n (tik), T+
n (tik)], k = 0, . . . , m. Given t ∈ [0, 1], for the forward and

backward BH-type procedures with reference point t, r+
n (t) = Rn(T+

n (t)) −
Rn(t) and r−n (t) = Ro

n(t) − Ro
n(T−

n (t)), and the numbers of false rejections
are Vn(T+

n (t)) − Vn(t) and V o
n (t) − V o

n (T−
n (t)), respectively, where

Vn(x) = # {1 ≤ j ≤ n : pj ≤ x, θj = 0} ,

V o
n (x) = #{1 ≤ j ≤ n : pj < x, θj = 0}.

Similar to the BH procedure (S-1),

E

[

Vn(T+
n (t)) − Vn(t)

r+
n (t) ∨ 1

]

≤ (1 − π)α,

E

[

V o
n (t) − V o

n (T−
n (t))

r−n (t) ∨ 1

]

≤ (1 − π)α.







(S-3)

Most part of Theorem 4.1 follows from the results on the BH procedure.
We will only give proof to statements that are specific to Procedure M.

Proof of Part 1). Following Lemma S-1, a.s., for n À 1, rn ± (ti) <
(log n)2 for all i. Then Rn = 0 by Condition 1) in Step 2.

The convergence of the joint distribution of r±n (ti) can be proved as fol-
lows. First, for each i, following the proof of Theorem 2.1, each r±n (ti) con-
verges weakly to the corresponding excursion time of random walk. Second,
given ε > 0 such that [ti−ε, ti+ε] are disjoint from each other, for n À 1, the
distribution of r+

n (ti) (resp. r−n (ti)) only depends on the p-values in [ti, ti +ε]
(resp. [ti − ε, ti)). Conditioning on the numbers of p-values in these inter-
vals, r±n (ti) are independent of each other. Since the number of p-values in
each interval tends to ∞, it then follows that the conditional distribution
of r±n (ti) converges to its unconditional distribution. The convergence of the
joint distribution then follows. ¤

Proof of Part 2). For any t, if p+
∗ (t) + p−∗ (t) > 0, then by SLLN and

Proposition 4.1

rn(t)

n
a.s.−→ F (u+(t)) − F (u−(t)),

Vn(T+
n (t)) − V o

n (T−
n (t))

n
a.s.−→ (1 − π)(u+(t) − u−(t)),

and

Vn(T+
n (t)) − V o

n (T−
n (t))

rn(t)
a.s.−→ (1 − π)

u+(t) − u−(t)

F (u+(t)) − F (u−(t))
≤ (1 − π)α.
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Since Rn (resp. Vn) is the sum of a subset of rn(ti) (resp. Vn(T+
n (ti)) −

V o
n (T−

n (ti))), with p+
∗ (ti) + p−∗ (ti) > 0, it then follows that limVn/Rn ≤

(1− π)α. The convergence of power can be shown following Theorem 2.2 as
well. ¤

Proof of Part 3). In this case, F ′(ti) ≤ 1/α for all i. For n À 1,
Ai = [T−

n (ti), T
+
n (ti)] are disjoint from each other. Therefore, Step 1 of

Procedure M includes all Ai with rn(ti) > (log n)2. By Theorems 2.2 and
2.3, rn(ti) > (log n)2 if and only if F ′(tj) = 1/α. The rest of the statement
can be shown following the proof for Theorem 2.3. ¤
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Appendix.

Kiefer’s result on Bahadur representation. (cf. [5], section 15.1):

lim
n→∞

supt∈[0,1] |Un(t) + U
∗
n(t) − 2t|

n−3/4
√

log nlog2n
= 1, a.s.

Hoeffding’s inequality. (cf. [4], p. 191): If X1, . . . , Xn are iid with a ≤
X1 ≤ b and EX1 = µ, then for all c > 0,

Pr

{
n∑

k=1

Xk − nµ ≥ c

}

≤ exp

{

− 2c2

n(b − a)2

}

.

Bennett’s inequality. (cf. [5], p. 440): Let

ϕ(t) = (1 + t) log(1 + t) − t = t2
∞∑

k=0

(−1)ktk

(k + 1)(k + 2)
,

which is nonnegative and strictly increasing for t ≥ 0. If X ∼ Bin(n, p)−np
and p ∈ [0, 1/2], then

Pr {X ≥ x} ≤ exp

{

− np

1 − p
ϕ

(
x

np

)}

, all x > 0.
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